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Introduction

By Abelian theorems are meant those assertions which allow to deduce from the asymptotic
behaviour of sequences and functions the asymptotic properties of their generating functions
and Laplace transforms (as well as other integral transforms). Theorems converse to Abelian
are referred to as Tauberian. They are named after Abel and Tauber, respectively, who were
the first to prove theorems of such kinds (Abel, 1826; Tauber, 1897)).

Usually, direct methods are used to prove Abelian theorems. It is much more dif-
ficult to prove the corresponding Tauberian theorems, and a wide spectrum of analyt-
ical techniques is involved. As milestones in Tauberian theory, we mention the works
(Littlewood, 1910; Hardy, Littlewood, 1914; Karamata, 1930b; Karamata, 1931a; Wiener,
1932; Korevaar, 1954; Keldysh, 1973; Vladimirov, 1978).

In last three decades, much thought has been given to multidimensional Tauberian the-
ory. This is primarily due to the fact that Tauberian theorems are finding ever-widening
application in mathematical physics, theory of differential equations, and probability the-
ory.

We place particular emphasis on the multidimensional studies (Alpér, 1976; Alpar,
1984; Vladimirov, 1978; Vladimirov et al., 1988; Drozhzhinov, 1983; Drozhzhinov, Zavy-
alov, 1984; Drozhzhinov, Zavyalov, 1986a; Drozhzhinov, Zavyalov, 1986b; Drozhzhinov,
Zavyalov, 1990; Drozhzhinov, Zavyalov, 1992; Drozhzhinov, Zavyalov, 1995a; Drozhzhinov,
Zavyalov, 1995b; Drozhzhinov, Zavyalov, 1998; Drozhzhinov, Zavyalov, 2000; Drozhzhinov,
Zavyalov, 2002; de Haan, Omey, 1983; de Haan et al., 1984; Resnick, 1991; Omey, 1989;
Omey, Willekens, 1989; Diamond, 1987; Kozlov, 1983; Pilipovic¢ et al., 1990; Stankovic,
1983; Stankovié, 1985a; Stankovi¢, 1985b; Stadtmiiller, Trautner, 1979; Stadtmiiller, Traut-
ner, 1981; Stadtmiiller, 1983; Stam, 1977; Chelidze, 1977).

We omit the discussion of Tauberian theorems with remainder term; the reader can
find the details in the books (Aljancic et al., 1974; Ganelius, 1971; Postnikov, 1980; Sub-
khankulov, 1966) and the papers (Frennemo, 1965; Frennemo, 1966; Vladimirov et al.,
1988; Drozhzhinov, Zavyalov, 1995a; Drozhzhinov, Zavyalov, 1995b). We note, though,
that the use of ordinary Tauberian theorems (without a remainder term) has allowed the au-
thor to obtain an exact asymptotic expression of the remainder term for infinitely divisible
distributions (see Chapter 4).

The Tauberian theory has found a widespread application in probability theory.
Tauberian theorems have been used to study asymptotic problems of probability theory
by (Vatutin, 1977b; Vatutin, 1977c; Vatutin, 1979; Vatutin, Sagitov, 1988a; Zolotarev, 1961;
Novikov, 1982; Postnikov, 1980; Rogozin, 2002a; Rogozin, 2002b; Sevastyanov, 1978; Sen-
eta, 1969; Seneta, 1973; Seneta, 1974; Feller, 1966; Bingham, 1984a; Bingham, 1984b;
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Bingham, 1988; Bingham, 1989; Bingham, Doney, 1974; de Haan, Omey, 1983; de Haan et
al., 1984; Omey, 1989; Weiner, 1990)), to name a few.

Despite of the strong interest of probabilists to Tauberian theorems, no book specially
devoted to this topic has been published yet. This monograph is intended to fill this gap.

A series of studies (Yakymiv, 1981; Yakymiv, 1982; Yakymiv, 1983; Yakymiv, 1984;
Yakymiv, 1987a; Yakymiv, 1987b; Yakymiv, 1988; Yakymiv, 1990a; Yakymiv, 1990b;
Yakymiv, 1991a; Yakymiv, 1991b; Yakymiv, 1993a; Yakymiv, 1993b; Yakymiv, 1995;
Yakymiv, 1997; Yakymiv, 2000; Yakymiv, 2001; Yakymiv, 2002; Yakymiv, 2002; Yakymiv,
2003a; Yakymiv, 2003b), which have seen the light in the last two decades, are also de-
voted to probabilistic applications of Tauberian theorems and form the basis for this book.
It contains Tauberian theorems and their applications to analysing the asymptotic beha-
viour of stochastic processes, record processes, random permutations, and infinitely divis-
ible random variables. We include the works on branching processes (Vatutin, 1977b; Sev-
astyanov, 1978) which give the impetus to our studies in this field. We also include a series
of Tauberian theorems due to Drozhzhinov and Zavyalov which, we believe, are of much
interest to probabilists, although they were intended for use in other fields of mathematics.

The book on Tauberian theorems and their applications follows the traditions of the
Steklov Institute of Mathematics. It suffices to mention the books (Postnikov, 1988; Vladi-
mirov et al., 1988) and the papers (Keldysh, 1973; Sevastyanov, 1978; Vatutin, 1977b).

Tauberian theorems are contained in the first chapter of the book. In particular, mul-
tidimensional extensions of Tauberian theorems due to Karamata are given in Section 1.3;
a multidimensional Tauberian comparison theorem of Keldysh type and an extension of a
Tauberian theorem of Littlewood type are given in Section 1.5; Section 1.6 contains a series
of one-dimensional Tauberian theorems. The whole Section 1.7 is devoted to Tauberian the-
orems due to Drozhzhinov and Zavyalov. In Section 1.8, three multidimensional Tauberian
theorems of Drozhzhinov—Zavyalov type are given, which are used later to study the asymp-
totic behaviour of infinitely divisible distributions in a cone. Sections 1.1, 1.2 and 1.4 are of
auxiliary nature; here we deal with generalisations of regularly varying functions occurring
in Tauberian theorems.

Chapters 2-5 cover probabilistic applications of Tauberian theorems. In Chapter 2,
asymptotic properties of branching processes are studied. A series of limit theorems on
random permutations whose cycle lengths belong to a given set A (the so-called A-per-
mutations) constitute Chapter 3. Chapter 4 is devoted to analysing the asymptotic behaviour
of infinitely divisible distributions at infinity. In Chapter 5, probabilities of large deviations
for some random variables are studied in the context of the record model.

The author is sincerely grateful to his colleagues of the Steklov Institute of Mathematics,
Professors V. A. Vatutin, Yu. N. Drozhzhinov, A. M. Zubkov, V. F. Kolchin, A. I. Pavlov,
V. E. Tarakanov, to Professor V. Yu. Korolev of the Moscow State University for their cor-
rections and remarks, and to Professor A. V. Kolchin who kindly agreed to translate the
book to English.
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Tauberian theorems

1.1. Regularly varying functions in a cone

A Borel set I' € R” is said to be a cone with apex at a pointa € R" if a + A(x —a) € T for
any x € I', A > 0, A € R. Let int A denote the interiority of the set A € R”. We say that a
cone I' is solid if int T # @. A closed solid convex cone is said to be acute if there exists a
hyperplane of dimensionality n» — 1 which meets the cone at its apex only.

Let " be a cone in R” with apex at zero, S = T" \ {0}. We fix some vector e € S.
Everywhere in this chapter ¢ is a real positive variable.

A function f'(x) is said to be regularly varying at infinity along I" if it is defined for all
x € S, |x| > ¢ > 0, is positive and measurable on this set, and

fx)/f(te) - ¢(x) >0, o(x) < oo (1.1.1)

forany x € § t — oo.

We observe that the set of all functions which are regularly varying at infinity along I
does not depend on the vector e (let Ry (I") denote this set). It is easily seen indeed that if
(1.1.1) holds for f then forany b € S

fx) _ fax) fe) o)
@by fle) f(th) — (b)

for any b € S as ¢t — oo. In accordance with (1.1.1), we set ¢ = H,(f). A function
L € R;(T) is said to be slowly varying at infinity along I if H,(L) = 1. In the one-
dimensional case, as the cone I we consider the set of all non-negative real numbers, and the
functions which are regularly (slowly) varying at infinity along this set are merely referred
to as regularly (slowly) varying without specifying the set along which they are regularly
(slowly) varying. Let R,(T") denote the set of all /€ R;(I") such that

Stxy) = f(tx)
Sfte)
for an arbitrary family of vectors x; € S, x; - x € S ast — oo. A function ¢ on S

is said to be homogeneous in S with homogeneity degree p € R if it is Borel-measurable
on S and ¢(tx) = t?¢(x) for any x € S, ¢ > 0. In view of this definition, we set

(1.1.2)

50 (1.1.3)

1



2 1. Tauberian theorems

p = ind ¢ and let O; (T") stand for the set of all homogeneous positive functions on S. Let
0, (T") denote the set of all continuous on S functions ¢ € O1(I"). Fori = 1,2, we set
T;(T) ={L:L € R;{(T"), H,(L) = 1} (in view of (1.1.2), the sets 7;(I") do not depend on
the vector e € S as well).

THEOREM 1.1.1. In the case where i = 1,2, for any function ¢ on S there exists a
Sunction f € R;(T') such that ¢ = H.(f) if and only if ¢ € O;(T") and ¢(e) = 1.

PROOF. Leti = 1. We assume that ¢ = H,(f') for some function f € R{(I"). We set
g(t) = f(te); by virtue of (1.1.1), g(¢) is regularly varying at infinity, therefore, by virtue
of Theorem 1.3 in (Seneta, 1976),

g()/g(t) - 1*

ast — oo for any A > 0 and some real p. Furthermore, for any x € S and A > 0 by (1.1.1)
ast — 0o

JO1x) _ fOux) [(te)  ¢(Ox)

fax)y  flte) f(tx) — o(x)’
JOrx) _ fxd) fhte) flte)  o(X),p 40
Sax)  fQe) f@e) [x)  o(x)

Comparing (1.1.4) and (1.1.5), we see that p(Ax) = AP@(x), that is, ¢ is homogeneous.
The measurability, positivity of ¢ and the equality ¢(e) = 1 immediately follow from
(1.1.1). Conversely, let ¢ € O;(I") and p(e) = 1. We set f(x) = ¢(x), x € S. In this
case,

(1.1.4)

(1.1.5)

Sx) _p(x) _ tPp(x) _
Slte) plte)  tPg(e)
where p = ind ¢, which implies that ¢ = H,(f). Now leti = 2. If ¢ = H,(f'), where
f € R,(T), then with the use of the just proved part of the theorem for i = 1 we find that
¢(e) = 1 and ¢ € O;(T). Let us demonstrate that ¢ is continuous.
If a sequence ¢, € S is chosen in such a way that ¢y — ¢ € S as k — oo, then, by
virtue of (1.1.1) and (1.1.3), for any ¢ > 0 and k € N there exists #; such that

S (k)
f(te)

@(x),

—o(cr)| <e/2 (1.1.6)

fort > 1.

Without loss of generality we assume that tx 1 oo as k — oco. We set x; = ¢ for
t € [tk,t+1). We observe that x; — ¢ as ¢t — oo. It is easily seen indeed that if ko is
chosen so that [¢ — ¢x| < § as soon as k > ko, then for # > 1, from the definition of x; it
follows that |x; — ¢| < §. Therefore, by (1.1.1) and (1.1.3) there exists #o > 0 such that

S (txy)
Sfe)

—<p(c)’ <eg/2 1.1.7)

fort > 1.



1.1. Regularly varying functions in a cone 3

Setting ¢ = #; in (1.1.6) and (1.1.7), and making use of the triangle inequality, we obtain
S (ertx) S (crty)
S (ike) S(ike)

for k > max(ko, k1), where k1 = min{k:#; > 9,k € N}. Thus, ¢ is continuous. Con-
versely, if p(e) = 1 and ¢ € O,(T), then

pltxe) —(tx) _ 1P9(xr) —1P9(x) _

lp(ck) — ()] < —gle)| <e/2+e/2=¢

- Q"(Ck)‘ +

o(x1) —p(x) =0

p(te) 1P¢(e)
fort > 0,x;, € S,x; > x € §,ast — oco. where p = ind ¢. Therefore, ¢ € R,(I") and
H,(¢) = ¢. The theorem is thus proved. O

Weset B={x:xeS,|x| =1}
THEOREM 1.1.2. (a) If f € Ry(T"), then relation (1.1.1) holds for f uniformly in
x € K on an arbitrary compact K < S.

(b) Ry(I") = Ry (T) if and only if B is finite.

Assertion (a) of this theorem extends the well-known theorem on uniform convergence
of one-dimensional regularly varying functions (see, e.g., (Seneta, 1976; Bingham et al.,
1987)).

PROOF. Let us prove part (a). Let L € T>(I"). We assume that the relation

L(tx)
Lie)

t — 00,

holds not uniformly in x € K on some compact K < S. Then there exist ¢ > 0 and
sequences ¢, € K, tx > 0 such that

L(crty)
’ Lre) — 1‘ >

(1.1.8)

Without loss of generality we assume that ¢y — ¢ € K and #; 1 oo as k — 0o. We set
x; = ¢y fort € [t, tr+1), then, because x; — ¢ as t — oo, there exists #o > 0 such that

|L(tx:)/L(te) — 1] < ¢ (1.1.9)

for ¢t > ty. Let k be chosen in such a way that #; > ¢y, then, upon setting ¢t = # in (1.1.9),
we obtain

|L(ckti)/ L(txe) — 1] <&,
which contradicts (1.1.8). Let f € Ry(T") and ¢ = H.(f). We set L(x) = f(x)/o(x).
We observe that
Lia) _ glte) fa) _ g(@) _
L(te)  ¢(ar) fte)  ¢(a)

for an arbitrary family of ¢, € S, a; — a € S as t — oo which immediately implies that
L € T»(I"). Furthermore, on an arbitrary compact K C S, as t — 0o,

|/ (x0)/f(te) — ()| = @(x)|L(xt)/L(ze) = 1| = O




4 1. Tauberian theorems

uniformly in x € K because ¢ is bounded on the compact K as a continuous on K function.
Let us turn to the proof of part (b). If B is finite, then f reduces to a finite number of

regularly varying functions of a single variable, therefore, in this case R;(I') = R2(T") (see

(Seneta, 1976)). Let B be infinite and a be a limit point of B. For ¢ > 0 and x € B we set

L(tx) = 1(t)(1 + min(1, 1/¢|x — al)), (1.1.10)

where /(¢) is some slowly varying function of one variable. From (1.1.10) it follows that
L € Ry (I"). Nevertheless,
sup L(tx)/1(t) = 2,

xX€B

so L ¢ R,(T). The theorem is thus proved. O

LEMMA 1.1.1. Let
{clnx}
£(x) = exp am+<am+1—am)/ ewdu),  x=1,
0

where ¢ > 0, m = [cInx], let the numerical sequence (o, k € N) behave so that o1 —
ar — 0as k — oo, and let g be a non-negative compactly supported function whose
support lies in the interval (0, 1) and fol g(u)du = 1. Then f(x) is infinitely differentiable
for x > 1, and for any k € N

k
YD) p 0 () = o(x* £ () (1.1.11)
dx
as x — oo.
PROOF. We observe that
f(x) =exp(h(clnx)), x >1, (1.1.12)

where

{x}
W) =+ s =) [ g@du, x =0,
0
Let x be not integer, then

H(x) = (@m+1 — am)g({x}).
If x is an integer, then 4’ (x) = 0, therefore, the formula
H(x) = (@ms1 —am)g(x}), x=0
is true. Subsequent differentiating of the last relation yields for all k € N

hO(x) = (@1 — am)g® D ({x)),
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where g (x) = g(x). Therefore, for all k € N, as x — 00,
KO (x) = o(1). (1.1.13)
We set
v(x) = h(clnx), x> 1.
By formula (0.430) in (Gradshteyn, Ryzhik, 1980), for all k € N
k
v® (x) = x7k Zbikg(i)(c In x), (1.1.14)
i=1

where b;j are some numerical coefficients which do not depend on x. From (1.1.13) and
(1.1.14) it follows that for all k € N

v(k)(x) = o(x_k) (1.1.15)

as x — oo. From (1.1.12) we find that f(x) = exp(v(x)), x > 1. By formula (0.430) in
(Gradshteyn, Ryzhik, 1980), for any k € N

k
SO = f0) Y Clir.-i) [TV, (L.L.16)
j=1
where the summation is over all integers iy,...,ix > 0 such that Zj.‘:l jij = k and
C(iy,...,ix) are some constants. To complete the proof it suffices to say that (1.1.11)
immediately follows from (1.1.15) and (1.1.16). O

LEMMA 1.1.2. Let a cone T be closed, then for any function L € T,(T") there exists a
real a > 0 such that

0 < inf L(x) < sup L(x) < o0 (1.1.17)
x€A

x€A
for an arbitrary bounded set A € {x:x € S, |x| > a}.

PROOF. By virtue of Theorem 1.1.2, for an arbitrary 0 < ¢ < 1 there exists b > 0 such
that
L(|x|le)(1 —e) < L(x) < L(|x|e)(1 + ¢)

for |x| > b. Since the function g(¢) = L(te) of one variable is slowly varying at infinity
and Lemma 1.1.2 is known to be true for n = 1 (Seneta, 1976), from the last inequalities
we find that (1.1.17) holds for some a > b. |

Let Z" denote the set of all vectors in R” with non-negative integer coordinates. For
k = (k1,...,ky) € Z", k # 0, and an infinitely differentiable function f(x) in R” we set

f(k)(x) — kajf(X)k. .

D, D
1 im



6 1. Tauberian theorems
where j = ki + -+ + ky and k;, ..., k;,, are the positive components of the vector k,
1<ij<--<im=<n,and fO(x) = f(x). Forareal a > 0 we set

ak — ak1+"'+kn.

THEOREM 1.1.3. Let a cone I be closed and a > 0 be chosen so that the function
L € T,(T) obeys (1.1.17). Then for any o, B, 0 < o < 1 < B < 00, there exist two
infinitely differentiable functions L;(x) € To(R"), i = 1,2, such that

(@) foranyk € Z", k #0,i = 1,2
LP (x) = o(|x[*Li(x))
Sor |x| — oo;
(b) foranyx € S, |x| > a

inlg L(y) = Li(x) = L(x) = La(x) = sup L(y),
YEKx

Y€K
where Ky ={y:y € S.a|x| < |y| = Blx|.|y| = a};
(¢) Li(x)/L(x) = 1for|x| —>o00,i =1,2;
(d) Li(x) = Li(y) for |x| = |y

The fact that for any slowly varying function L(¢) of one variable there exists an
infinitely differentiable function L;(¢) which is equivalent to the former at infinity and
Lll‘(t) = o(t™%L1(r)) as t — oo is well known (Bingham et al., 1987). Nevertheless, this
theorem seems to be new even in the one-dimensional case.

,i=1,2.

PROOF. Without loss of generality we assume that a = 1 (if it is not the case, we turn
to the function L(x) = L(ax), |x| > 1). We set L,(x) = f(|x]), where

{cInt}
S(@) =exp (am + (@m+1 —am)/ g(u)du), (1.1.18)
0

¢>0,¢t>1,m = [cInt], g(u) is an arbitrary non-negative compactly supported function
with support in the interval (0, 1) normalised by the condition

1
/ gwydu =1,
0

and
am =supln L(x), xe€8, |x|>1, exp((m—1)/c)=<|x| Zexp((m+1)/c).
By virtue of Theorem 1.1.2, ag +1 — ax — 0 as k — oo. Therefore, by Lemma 1.1.1,

SO = o™ f(1)) (1.1.19)
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forany j € Nast — co. We observe also that

4
L) = 3 Il O (x) P () (1.1:20)

i=1

forany k € Z", k # 0, where P;;(x) are polynomials of degrees at most /,/ = k; +---+
ky. It is easily seen indeed that

dL>(x) (ej) FO(x|)
_— = L ] = s
ox; 2 (%) x|

forany j = 1,...,n. Further, if (1.1.20) holds true for some k € Z", k # 0, then upon
setting k' = k + ¢; we obtain

, ! (i+1) @)
L§“(x)=2(% Pl + |f |2,(', LD Gy ,k(x))
i=1 .

@)
+Zf (Ix]) (e, )

||2lz

Since ) )
o
P () (xv0)PY (x)
|x|2lfi - |x|2l+2z

and the degree of the polynomial (x, x) P(e’ (x) does notexceed / + 1, we see that le‘/ (x)is
of the desired form, and (1.1.20) is proved Now validity of assertion (a) of the theorem for
i = 2 immediately follows from (1.1.19) and (1.1.20). From the explicit formula (1.1.18)
we arrive at

min(exp(ety ), exp(@m+1)) < L2(x) < max(exp(ctm), exp(@m+1)),

which yields

L(x) = La(x) < sup(L(y),exp((m — 1)/c) < |y| <exp((m +2)/c),|y| = 1),

where m = [c¢In|x|]. In order to prove the inequalities in part (b) concerning the function
L, it suffices to say that the inequalities

alx| < exp((m —1)/c) < exp((m + 2)/c) < Blx|

hold for ¢ > max(—1/Ine,2/1InB), |x| = 1. Validity of assertion (c) follows from the
above bounds and the fact that

L(x) =1+ o(1)) sup L(y)
yE€Kx
by virtue of Theorem 1.1.2 as |x| — oo. Validity of assertion (d) follows from formula
(1.1.18) for L,. All statements of the theorem about L; are proved by word-for-word
repetition of the reasoning concerning L, we have just carried out. The theorem is thus
proved. O



8 1. Tauberian theorems

In what follows the cone I' is assumed to be closed. The lemma below is an extension
of the corresponding one-dimensional results (Seneta, 1976; Bingham et al., 1987).

LEMMA 1.1.3. Let L € T>(T") and (1.1.17) hold for |x| > a > 0. Then for ¢ > 0 the
functions

L*(x) = |x|™* sup [y|*L(»).

aslyl=lx]
L™(x) = [x[* _inf [y[T°L(y)
aslyl=lx|

are slowly varying at infinity along T, and
L(x) = (1+o0(1)L*(x) = (1 +o(1))L**(x)

as |x| - oo, x € S.

PROOF. Let L and L, be infinitely differentiable functions that approximate L such
that assertions (a)—(d) of Theorem 1.1.3 are true. We set f1(¢) = L1(x), f2(t) = La(x),
where t = |x|. Then

L¥(x) =17¢ sup uf fo(u) < /2(1) = La(x)

a<u<t

fort > 1y, ty > a, because

S A0
@ S0 = 5 fo(0) (s+t.;2(l)) >0

for sufficiently large ¢. By the same token, L*(x) > L(x) for sufficiently large |x|.

Therefore, L*(x) = (1 +0(1))L(x) as |x| — oo. The statement concerning L** is proved
in the same way as above. (I

The theorem below is known in the one-dimensional case as the integral representation
theorem for slowly varying functions (Seneta, 1976; Bingham et al., 1987).

THEOREM 1.1.4. The inclusion L € T,(T") holds if and only if there exist constants
a > 0, ¢ € R, and measurable functions 1(x), &(t) defined for x € S, |x| > aandt > a,

respectively, such that
e (u
L(x) = exp (n(x) + / %du) ,
a

forx € S, |x| = a, n(x) = cas |x| = oo, and
B @) = o™

for any integerk > 0 ast — oo.
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PROOF. Let L € T>(T"). We represent L as

L(x) = exp(n(x) + In f(|x])),

(LW
0= (£.65)

assertions (a)—(d) of Theorem 1.1.3 are true for L, and f(|x|) = L,(x). By virtue of
assertion (c) of Theorem 1.1.3, 7(x) — 0 as |x| — oco. By virtue of (1.1.15), v® () =
o(17%) for any k € N as 1 — oo, where v(t) = In f(r). We set e(t) = 1v/(¢); then

[x]
L(x) = exp (n(x) +v(a) + / ? du) ,

for |x| > a, where the constant a is defined in Theorem 1.1.3, and e® (¢r) = o(¢ %) for any
integer k > 0 ast — oo. Now let us prove the sufficiency: for x,e € S

L(tx) X g (u)
Lo exp (r](lx) —n(te) + /tlel — du) ,

where

which yields

Ltx) ey )
Lo (14 o(1))exp (/l;l 5 a’y) =14o0(1)

as t — oo. The theorem is thus proved. O

1.2. Weak convergence of measures and functions

In this section we assume that I" is a closed convex acute solid cone with apex at zero. We
r
set G = int I". We introduce an order relation on I" (Vladimirov, 1978): we write x < y and

X 2 y,ifx,y,y—xelandx €I, y,y —x € G respectively. We omit the specification
of the cone and write x < y, x < y where this does not lead to ambiguity. A real-valued
function f(x) defined on an open set ¢ C T is said to be a monotone non-decreasing (non-
increasing, respectively) in T if f(x) < f(») (f(x) = f(»), respectively) for x < y,
x,y € o. The notation lim,, | f(y) = b (limy4x f(y) = b) means that for any ¢ > 0
there exists 6 > 0 such that | f(y) —b| < eforany y € o, |y — x| <8, x < y (¥ < x,
respectively).

Let M(0), M>(o) denote, respectively, the sets of all non-decreasing and of all non-
increasing in I' functions defined on a set 0 C I' (we do not specify the dependence of
the sets M1 (o) and M, (o) on T" because the cone I is assumed to be fixed throughout this
chapter), M (o) = M1(0) U M, (0).

LEMMA 1.2.1. Forx,y € I', x < y the sets
A={zizel, x <z <y} B={zizel, x <z}

are non-empty open subsets of I.
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PROOF. The sets A and B are not empty because % € A N B. The set B is open
because B = {z:z = x + u,u € G}. Let z € A. Since G is open, there exists §; > 0 such
that y +z—h € G forall 1 € R”, |h| < §;. Since B is open, there exists § < §; such
that x < uforallu e R", ju —z| < 6. Thenx <uandy—-u=y—z+z—ueG
forall u € R”, |[u — z| < §3; hence it follows that u € A for |u — z| < §,. The lemma is
proved. O

LEMMA 1.2.2. Let f € M(0) (f € M3(0)).

(a) Then for any x € o there exist two limits

li%ii f) = f(xo), (1.2.1)
lim f(y) = f(xy). (12.2)
yix
where
S(x=) =sup(f(»),y €0,y <Xx), (1.2.3)
f(x4) =inf(f(y),y €0,x < y) (1.2.4)
(f(x=) =inf(f(»),y <x,y €0), f(x4) =sup(f(¥),x < y,y € 0), respectively),
and
f(xo) = f(x) = fx4) (1.2.5)

(f(x=) = f(x) = f(x4), respectively).
(b) for f to be continuous at x € o, it is necessary and sufficient that f(x4+) = f(x-).

PROOF. Let f be monotone non-decreasing in I". Then by (1.2.3) and (1.2.4) for any
& > 0 there exist x,, y¢ € 0, X¢ < X < ), such that

= f(x-)— f(xe) 20, (1.2.6)
€= f(ye) — f(x4) = 0. 1.2.7)
By virtue of Lemma 1.2.1, the set U, = {y:Xx < y < .} is open and non-empty, and
therefore, so is the set V, = U, N o, because o is open and x € V. Therefore, f(x;) <

f(y) < f(x=) forany y € Vg, y < x, from the monotonicity of f and (1.2.3). Taking into
account (1.2.6), we obtain

I f)— f(x2)| <e, yeV, y<x. (1.2.8)

For y € Ve and y > x, it follows that f(x4+) < f(¥) < f(ye) from the monotonicity of f
and (1.2.4). Taking into account (1.2.7), we obtain

lfO)—fxpl=e yeVe, y>x. (1.2.9)

Since ¢ is chosen arbitrarily, (1.2.1) and (1.2.2) immediately follow from (1.2.8) and (1.2.9)
respectively. We observe that f(z) < f(x) < f(y)forz,y € 0,z < x < y. So (1.2.5)
follows from (1.2.3), (1.2.4), and the last relation.
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Now let, in addition, f(x4+) = f(x-). Then, because f is monotone, f(x;) =<
f(y) < f(ye) for y € V. Taking into account relations (1.2.6) and (1.2.7), we find
that | f(x) — f(»)| < e for y € V, because from inequalities (1.2.5) and f(x-) = f(x+)
it immediately follows that f(x_) = f(x) = f(x4). Conversely, let f(y) be continu-
ous at a point x € o. Then from relations (1.2.1) and (1.2.2) just proved we find that
fxo) = f(x) = fx4).

If f is monotone non-increasing, then — f* is monotone non-decreasing, and all state-
ments of Lemma 1.2.2 concerning f* immediately follow from the fact that they are true for
—f. The lemma is thus proved. O

Fori = 1,2 we set

M (o) ={/: [ € Mi(0). f(x4) = f(x) Vx € 0},
M™*(0) = Mi(0) U M>(0).

We say that a sequence f; € M,.+(a) weakly converges as k — oo to f € Ml.+ (o) and
write
Jk=/f  k—o0,

if fx(x) — f(x) as k — oo at an arbitrary continuity point x of the function f.
LEMMA 1.2.3. If fx = fand fi = gask — oo, then f(x) = g(x) forx € 0.

PROOF. We consider the discontinuity points of the function f inthe set [, = {y:y €
0,y = tx,t > 0} for some x € o. There are at most countably many of them, because,
as we easily see, the function ¢(t) = f(zx) is a monotone function of real variable ¢ and
hence has at most countably many discontinuity points. If ¢ is continuous at the point 7,
then by virtue of Lemma 1.2.2

f@m)=§g¢@)=¢al
Stxy) = lslf? @(s) = o),

which implies that f(tx_) = f(tx+), and using Lemma 1.2.2 again we find that f is
continuous at the point x. From the definition of weak convergence it follows that f(y) =
g(») at those points y where f and g are continuous, hence f and g coincide everywhere
on the set /, except for, maybe, a countable number of points. We choose a sequence #; | 1
as k — oo so that

S(tex) = g(txx). (1.2.10)

If we let k grow without bound in (1.2.10), with the use of Lemma 1.2.2 we obtain

S(x4) = g(x4),
hence f(x) = g(x) because f, g € Mi+ (0). The lemma is thus proved. O
Fori = 1,2 a family of functions F' C M, l.+ (o) is said to be weakly relatively compact
or weakly pre-compact if one can extract a weakly converging sequence from any sequence
in F.
We prove the following analogue of the Helly theorem.
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THEOREM 1.2.1. Let eitheri = 1 ori = 2. For a family of functions F < Ml.+ (G) to
be weakly relatively compact it is necessary and sufficient that

sup | f(x)| < o0 (1.2.11)
feF

forany x € G.

PROOF. We observe that the weak pre-compactness of a family F € M2+(G) is equi-
valent to the weak pre-compactness of the family F; = {g:g =—f, f € F} C M1+ (G),
and (1.2.11) holds true if and only if sup,¢ g, |g(x)| < 00, so without loss of generality we
assume thati = 1. Forfixed x,y € G, x < y,weseto = {z:x < z < y} so F is the set
of all restrictions of the functions f in F to the set ¢. In this case, F, € M 1"' (0), because
FcM 1'" (G). Let us first demonstrate that the weak pre-compactness of F, follows from
(1.2.11). Let Q be the set of all vectors in ¢ with rational coordinates, Q = {ry,r2,...},
ar = (a}(,a,z(,...) = (fr(r1), fx(r2),...), where k € N and (fz, k € N) is a fixed
sequence in F,. We note that f(x) < f(z) < f(y) forany f € F, and z € o. There-
fore, in view of (1.2.11) there exists a constant ¢ which does not depend on f € F, and
z € o such that | f(z)| < ¢ for f € F, and z € ¢. From the last note it immediately
follows that |a,]€.| < ¢ for any j,k € N. By the known criterion of pre-compactness in R®
(Billingsley, 1968), there exists a sequence of positive integers (k(j), j € N) such that

ag(y — a € R®

as j — oo. What this means in terms of the functions f is that

Je((r) = @(r) (1.2.12)
for any r € Q and some function ¢ on Q as j — oco. We set
f(x) =inf(p(r):x <r, r € Q). (1.2.13)

We observe that [ € M1+ (0). Tt is easy to see, indeed, that if r,s € Q and r < s, then
o(r) < @(s) by virtue of (1.2.12). Let u,v € o,u < v, then we choose arbitrary r,s € Q
such that u < r < v < s. Since ¢(r) < ¢(s), taking the infimum over s > v in the last
inequality we obtain with the use of (1.2.3)

p(r) = f(v). (1.2.14)
In order to prove the monotonicity of f it remains to show that
f) =inf(p(r), u <r <v, reQ), (1.2.15)

because (1.2.14) has been proved for arbitrary r € Q such that u < r < v. Let us prove
(1.2.15). We assume that (1.2.15) is not true; then, in view of (1.2.13),

inf(p(r):u <r, r e Q) <inf(p(r), u <r <wv, r € Q).

If this is the case, then there exists r > u, r € Q,butr ¢ A ={z:u <z <v, z € Q},
such that ¢(r) < ¢(s) for any s € A. But there exists s € A4 such that s < r: the sets
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{z:u <z <v}and {z:u < z < r} are non-empty open ones (Lemma 1.2.1) and the vector
u(1 + ¢) lies in their intersection for sufficiently small ¢ > 0 (because u(1 + &) > u for
e>0andv—u(l+e)=@w—-u)—euec G r—u(l+e) =@ —u)—ue e G for
sufficiently small &), therefore, ¢(s) < ¢(r), which is impossible.

Thus, f is monotone. Next, let us demonstrate that f(u) = f(u4). By virtue of
(1.2.13), for any ¢ > 0 there exists ¥ € Q, r > u, such that p(r) — ¢ < f(u) < f(+).
Therefore, for x < y < r, y € o the relation f(uy) — e < f(u) < f(uy) certainly
holds. Since ¢ is arbitrary, we conclude that f(u) = f(u4). Thus, [ € M1+ (o). Let us
demonstrate that

Jeih) = 1 j — oo.
Let f be continuous at the point u € o, then
Je()H(r) = Je(p @) = Siej(s)

forx <v<r<u<s<yandr,s e Q. If welet j grow without bound and make use of
(1.2.12), we obtain

limsup fi(j) () < @(s), (1.2.16)
j—>o0
liminf fi(j)(u) = @(r). (1.2.17)
j—o0
From (1.2.16) it follows that
limsup fi(j)(u) < inf(p(s), s > x, s € Q) = f(x). (1.2.18)

J—>00

Taking the infimum of the right-hand side of (1.2.17) over all r € Q and making use of
relation (1.2.15), we obtain

liminf f(jy () = f(v),
j—oo
hence, in view of continuity of f in u we find that
liminf ficj(u) = f(u). (1.2.19)
j—oo
From (1.2.18) and (1.2.19) it follows now that

Jre(h@) — f(u)

as j — oo. Thus, the weak pre-compactness of F3 is proved.
Letus fix u,v € G, u < v. We observe that

G:Uom,

meN

where 0, = {z:u/m < z < mv}. It is easy to see, indeed, that if z € G, then, because
G 1is open, there exists § > O suchthatz + /4 € G and v + h € G for |h| < §. But since
G is a cone, we see that mv — z € G if and only if v — z/m € G. Therefore, z € 0, as
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lul |2

soonas z —u/m € G and v — z/m € G, which is the case if either max (W’ ﬁ) <dor

m > § 1 max(|ul, |z]).
Let fj is an arbitrary sequence in F'. We extract from it a subsequence (fi, (;), j € N)
such that
Jie(pnX¥) = fy(x). = oo,

holds for some function f(;y, € M 1'" (01) at any point x € o7 of continuity of the function
J@1)- From the sequence (k1(j), j € N) we extract a subsequence (k2(j), j € N) such
that

Ji(h (X) = f(x), Jj — o0,

holds for some function f(5)(x) € M 1+ (02) at any point x of continuity of the function f(z).
Continuing this process, we see that

Jem(H(X) = fomy(x),  J — 00, (1.2.20)

for some subsequence (k,(j), j € N) at all points x of continuity of some function f(,,; €
M1+ (0m). By virtue of Lemma 1.2.3, f(,)(x) = f)(x) form > [ and x € o;. We define
the function f(x) as follows: f(x) = f(m)(x) for x € oy. In view of the abovesaid, f is
well defined. Let x be a continuity point of /. Then there exists m such that x € a,,, and
from (1.2.20) it follows that

S, (HX) = fmy(xX) = f(x),  j — oo,

because (k;(j), j € N)is, by construction, a subsequence of the sequence (k,,;,(j), j € N),
while 0y, is a neighbourhood of the point x where f(;n)(y) = f(»), ¥ € om, and therefore,
Jomy(») is continuous at the point x as well. Thus,

Ji;(hH(x) = f(x), j — 0.

Conversely, let F' be weakly pre-compact. We regard (1.2.11) as not true. Then there
exists x € G such that

[/k(x)] =00,k — o0,

for some sequence (fx, k € N) C F. Without loss of generality we assume that
Je= 1 k — oo.

As we have seen in the proof of Lemma 1.2.3, a monotone function cannot have more than a
countable number of discontinuity points along the ray /, = {y:y = tx,t > 0}, therefore,
there are #1,1,,0 < #; < 1 <t < oo such that f is continuous at the points #; x and #,x,
and, because fr(11x) < fi(x) < fi(t2x) for k € N, if we let k grow without bound, we
conclude that
ftix) < l}cminffk (x) < limsup fr(x) < f(t2x).
—>00

k—o0

This contradiction completes the proof of the theorem. O
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All measures we meet below are, unless otherwise stated, non-negative, o-additive, and
o-finite, defined on the §-ring 2 of all bounded Borel sets in R”.

We say that a sequence of measures (g, k € N) weakly converges to a measure [
and write gy = u, k — oo, if ux(A4) — u(A), as k — oo, for any A € A such that
1(0dA) = 0 (here and below dA4 stands for the boundary of the set A). We also say that the
family of measures M is weakly relatively compact or weakly pre-compact if it is possible
to extract a converging sequence from any sequence of measures in M .

As concerns the weak convergence of measures, statements similar to those proved
above for monotone functions are true. Here we give only one (see (Feller, 1966, Chap-
ter VIIL.6)).

THEOREM 1.2.2. A family of measures M is weakly pre-compact if and only if

sup u(A4) < oo
neM

forany A € .

The expression ‘measure U on I'” will mean that the measure U is concentrated on I'.
Foraset A CR"and? > Owesettd ={y:y =tx, x € A}.
Let a measure U be given. We introduce the family of measures ($;, ¢ > 0):
U(tA)

pt)

where p(t) is a regularly varying function of one variable,indp =y >0, 4 € A. We set

®,(4) =

(1.2.21)

Ay ={x:xeR" |x|<t}, Br={x:XeR" |x|<t}, t>0.
LEMMA 1.2.4. For some measure ®, let
P, = D, t — oo. (1.2.22)
Then
®(04,) = ®(0B,) =0
forany u > 0.
PROOF. Forany u > 0

liminf ®,(4,) < ®(4,) < ®(By) < limsup ®,(By). (1.2.23)
1—>00 =00

Since the boundaries of the sets A, and A, do not overlap for u # ¢, there always exists
v > 0 such that ®(d4,) = 0, and hence, ®(dB,) = 0. Then by the definition of weak
convergence of measures

lim ®,(A4y) = ®(4,) = (By) = lim D;(By). (1.2.24)
t—>00 t—00
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By virtue of (1.2.21), for any u > 0

1%

lim inf @, (4,) = lim inf &, (ZA,,> — timing 24 ")qw(Av)
t—00 t—00 v t—>o0o p(t) v

u\y .

- (—) lim @;(A4,), (1.2.25)

v t—00
. N
lim sup ®; (B,) = (—) lim ®,(By). (1.2.26)
100 v t—>00

From relations (1.2.23)—(1.2.26) it follows that ®(4,) = ®(B,), thatis, $(d4,) = 0. The
lemma is proved. U

Instead of (1.2.21), (1.2.22) we will sometimes briefly write
U@t)/p(t) = O, t — oo.

1.3. Multidimensional Tauberian theorems of Karamata type

Let T" be a closed convex acute solid cone in R"” with apex at zero (see the opening of
Section 1.1). We set

T=T*"={y:yeR", (y,x)>0 VxeTl}

The cone T is said to be the cone dual to the cone I'. The cone T is a closed acute convex
solid one as well (see (Vladimirov, 1978; Vladimirov et al., 1988)). Therefore, C = int T' #
. The Laplace transform and the Laplace-Stieltjes transform of a function u and of a
measure U on I are labelled, respectively, #(A) and U (1):

a(k) = fr e~ Ay (x) dx, U = fF e~ XU (dx)

provided that they exist for A £ a with some a € T (we recall that the last inequality means
that L —a € C, see the beginning of Section 1.2). For the sake of convenience. all measures
are assumed to be concentrated in .

We also set G = intT, and let 4 denote the closure of a set A € R”. The notation
A <« T means that A € G = intI". Let |A| stand for the Lebesgue measure of a set
A C R”. For two functions f(x) and g(x) defined for x € ', |x| > a, for some ¢ > 0, the
notation f(x) ~ g(x) as |x| — oo means that

J(x)

— >, |x| = oo.
g(x)

Let a measure U and a function u(x) > 0 locally integrable in R” with respect to the
measure U be given; then u(x)U(dx) denotes the measure V defined by the equality

V(A) =Lu(x)U(dx)

for every bounded measurable set 4 € R”.
The theorem below extends the well-known uniqueness theorem for one-dimensional
Laplace transforms of measures (Feller, 1966, Chapter XIII, Section 1, Theorem 1a).



1.3. Multidimensional Tauberian theorems of Karamata type 17

THEOREM 1.3.1. For measures U and V, let there exist their Laplace transforms U )

~ T
and V (A) for A > a with some a € T, and

Ty =7 VYiza

ThenU = V.

Theorem 1.3.1 follows from the inversion formula for Laplace transforms (Vladimirov
et al., 1988, Chapter I, Section 2.5, formula (5.3)). We give an independent proof.

PROOF. Let
T
H=R"4+i(a+C)={ziz=x+iy, xeR", y>a},

U(z) = / EIUdy), V()= / Gy (dx), zeH.
r r

The functions U (z) and V (z) are analytic functions in the domain H (see (Vladimirov,
1964)). By the hypotheses of the theorem,

T)=Vh) =o) Visa

With the use of the uniqueness theorem for analytic functions of many complex variables
(Shabat, 1992, p. 32), we see that U (z) = V (z). Therefore,

. . T
/ e WX e~y (dx) = / e WXty (gx) Vv eR", A>a,
r T

hence it follows that

/ eI, (dx) = / eV, (dx), (1.3.1)
r r
where
e~ (.x) e~ %x)
U](d.x) = WU(dX), V](dx) = mV(dx)

But U; and V; are probabilistic measures, and (1.3.1) implies that their characteristic func-
tions coincide, hence U; = V. Thus,

/ e HNU(dx) = / "IV (dx) (132)
A A

for any bounded Borel set A. Furthermore, the measure U is absolutely continuous with
respect to the measure V. It is easy to see, indeed, that if B € A is chosen in such a way
that V(B) = 0, then by (1.3.2)

/ e~ M U(dx) =0,
B
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and therefore, U(B) = 0, because e~**) > 0 for any x € B. Consequently, we obtain
U(dx) = f(x)V(dx) for some function f(x). Then from (1.3.2) it follows that

[ e v = [ etovia,
4 A

ore~®) f(x) = e=®) V_almost everywhere due to uniqueness up to a set of V' -measure
zero of the Radon-Nykodym derivative of the measure e ~**) V(dx). Hence it follows that
f(x) =1 V-almost everywhere, and therefore, U = V. The theorem is proved. O

By the restriction of a measure U defined on 2 to a Borel set ¢ € R” is meant the
measure V defined by the equality V(D) = U(D) on the §-ring of all sets D € 2 such that
D Co.

The theorem below extends the well-known continuity theorem for Laplace transforms
(Feller, 1966, Chapter XIII, Section 1, Theorem 2a) to the multidimensional case.

THEOREM 1.3.2. Let (Ug, k € N) be a sequence of measures on T.
~ T
(1) Iffor some a € T there exist the Laplace transforms Uy (A) VA > a, k € N, and

) > 0 <o VA La, (13.3)

as k — oo, then w(}) is the Laplace transform of some measure U on T, and
U= Uask — oc.

(2) Conversely, if Uy = U as k — oo and (7k(a) is bounded, then relation (1.3.3) is
true, and for the measure U there exists the Laplace transform U (L) = w()) for

T
A>a.

PROOF. We begin with proving part 2. We take a sequence #x 1 oo such that
U(04k) = 0, where Ay = {x:x € R", |x| < #}. Let U,Sm) and U be the restrictions
of the measures Uy and U, respectively, to A4,,. By the definition of weak convergence of
measures, U ,fm) = U™ for any m € N as k — oo, therefore (Bender, 1974), as k — oo

T
/ e~ AU (dx) — / e MU(dx), YmeN, i>a. (1.3.4)
Am Am

Therefore, for A g a
/ e MU (dx) = lim / e~ U(dx)
r m—o0 f 4

= lim lim e~ AU, (dx) < limsup Uy (a) < co.  (1.3.5)

.
m—=>00k—00 J 4,, k—o00

T
Forany k,m e N, A > a

UM =T (V)| < / e~ AU (dx) + / e~ AU (dx)

m m

+ , (1.3.6)

/ e AU (dx) — / eIy (dx)
Am

m
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where B, = T' \ A;,. For h = A — a, as we easily see,

/ =AU (dx) < sup e WOy (a) < cemMBXXEBm) g (1.3.7)

xX€By,

as m — oo uniformly in k& € N for some constant ¢ < 0o, because

inf (h,x) >t inf (h, x) = oo, m — 00,
X€EBy, xeB

where B = {x:x € T, |x| = 1}, due to the fact that 1 € C and t,,, 1 00.
Let & > 0. We choose m € N such that for any k € N

/ e~ AU (dx) < ¢/3, / e~ AU (dx) < ¢/3
B B,

(which is possible from relations (1.3.5) and (1.3.7)). For the chosen m, in view of (1.3.4),
one can choose kg so that for any k > ko

f e DU (dx) — / e ONU(dx)| < /3.

From the last three inequalities and relation (1.3.6) it now follows that |(7k N -U M| <e
for any k > ko, which proves part 2 of the theorem.
Under the hypotheses of part 1 of the theorem,

sup T4 ) = f DUy (dx) > Up(A) inf o=@
keN A x€A

T
for any bounded Borel set A € R” and any A > a; by virtue of Theorem 1.2.2, hence
the weak pre-compactness of the sequence of measures Uy follows. If the subsequence
Ukj) = U as j — oo for some measure U, then, by the just proved part 2 of the theorem,
as j — oo
~ ~ T
Uk(j)()») — U()\) VA > a,

therefore, U (A) = o(4), and by Theorem 1.3.1 the sequence Uy has a unique limit point
U in the sense of weak convergence, and U (A) = w(A). Thus, Uy = U as k — oo. The
theorem is thus proved. O

Two Tauberian theorems below are multidimensional analogues of the known Tauberian
theorems due to J. Karamata (Karamata, 1930b; Karamata, 1931a; Karamata, 1931b). We
introduce the variables ¢ and t which are related by the formula 7 = 1.

_ THEOREM 1.3.3. For a measure U on T, let there exist the Laplace transformation
U(A), A € C, and let R(t) be a regularly varying at infinity function.

m 1
U@t)/R(t) = @, ¢ — oo, (1.3.8)
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then forany A € C
U(xA)/R(1) > ¢y (M) <oo, 7 —0, (1.3.9)
where
v(h) = D), VieC. (1.3.10)
(2) If (1.3.9) holds for some function v, then relations (1.3.8) and (1.3.10) hold as well
for some measure ® on .

PROOF. Let (1.3.8) be true. We observe that U (tA)/R(7) is the Laplace transform of
the measure U(¢-)/ R(¢). Therefore, in view of Theorem 1.3.2, in order to prove (1.3.9) and
(1.3.10) it suffices to show that U (ta)/ R(¢) are bounded for any a € C as t — oco. Let

D ={x:x eR", |x] <1}, B =(@D)NT.

Then
U(ta) = e_(ar’x)U dx) =

/ e~ @Y (dy),
k=0 /4K

where Ay = Ay(t) = 2XtD\ 2¥~"tD) N T fork € Nand 4y = (tD) N T. It is easily
seen that (at,x) > t|x|infpep(a,b) > 2k=1¢ where ¢ = infpepg(a,b) > 0, for x € Ay,
k € N, because a € C = intI'*. As shown in Lemma 1.2.4, ®(dD) = 0, therefore,

U(tD)/R(t) - ®(D), t — oo.
Fort > to,let U(tD) < KR(t), where ®(D) < K < oo, then fort > 1,

U(ta) <U@D) + Y e~ U@ D) < K(R() + Y ™2 R 1)).
keN keN

Hence it follows that U(ra)/R(t) are bounded (Feller, 1966, Section XIIL5, relation
(5.11)).

If (1.3.9) is true, then (1.3.8) and (1.3.10) immediately follow from part 1 of The-
orem 1.3.2. The proof of the theorem is thus complete. u

THEOREM 1.3.4. For some function u(x) > 0 defined and measurable on S, let
(L) < oo forany ) € C.

(1) If R(¢) is regularly varying at infinity,
u(tA)/R(t) > Yy(A) <00, t—>o00, LeC, (1.3.11)

and u(x) = f(x)g(x), where f € R2(G) (see Section 1.1), and g is monotone in
the domain G (see Section 1.2), then for x € G

u(@x)t"/R(t) — ¢(x) < oo, t — oo, (1.3.12)
and there exists a measure ® on I" such that

d(dx) =p(x)dxin G and &)(k) =y() Vi e C. (1.3.13)
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2) Ifu € Ry(T") and indu > —n, then (1.3.11) and (1.3.13) are true with ¢ = H,(u)
and R(t) = t"u(ta) for any a € S (see Section 1.1), and the relation ®(3T') = 0
certainly holds.

(3) Let R(t) be a regularly varying at infinity function, and let (1.3.11) hold. If
(u(txy) —u(@x)t"/R(@) — 0

ast — oo for any vectors x;,x € G such that x; — x, then (1.3.12) and (1.3.13)
hold for some function ¢ on G and some measure ® on I'.

REMARK 1.3.1. If ®(dT") = 0in Theorem 1.3.4, then by virtue of (1.3.13) the equality
Y(A) =¢(R) < oo
holds forany A € C.

PROOF. We set U(dx) = u(x) dx.
Let the hypotheses of part 1 be satisfied. Then by virtue of Theorem 1.3.3 there exists a
measure ® on I' such that

U(t)
m = q>, t — 00.
Thus,
ud) [ u@yrt”
R(1) _/A R@y oA, i oo (13.14)

for an arbitrary set A € 2 such that ®(d4) = 0. We take an arbitrary vector @ € S and set

_gy" f(ta)
hz(y)—T, yeG, t>0.

For any ¢ > 0 the function /,(y) € M *(G) because g € M T (G). Let us demonstrate that
for any x € G there exists a constant ¢ < oo such that for sufficiently large ¢

he(x) < cy. (1.3.15)

If g does not decrease, then

(D) = lim/ uane

1=oo Jp R(1)
. S@y) . S(y)
zhtnisolip o, f(m)hz(y)dyz |D1|y‘21f) f(m)ht(X), (1.3.16)

for an arbitrary ball D with centre at the point tx such that D € G and ®(dD) = 0, where

T
Dy ={y:y € D, y > x}. Let Hy,(f) = ¢1. Then by virtue of Theorem 1.1.2, since the
function ¢ is continuous and positive, there exist b > 0 and ¢ty > 0 such that

. f@y)
Jnf Ta) =270
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for all ¢ > fo; hence it follows that (1.3.15) holds for > fo with ¢ = 55 If g does not

increase, then the same reasoning yields

o(D) = D] inf %ﬁ ;

he(x),

T
where D, = {y:y € D, y < x}, therefore, (1.3.15) holds for t > ¢y with ¢, = %.

By virtue of Theorem 1.2.1, the set of functions {4,(x), t > to} is weakly relatively
compact. As #x 1 0o, let

hy = h, k — oo. (1.3.17)

Let us demonstrate that the function ¢ (x)/(x) is the density of the measure ® with respect
to the Lebesgue measure in G. Let the set A < I', A € A. Then there exist ¢ > 0 and

A > 0 such that ea 2 X 2 Aa for any x € A. Itis easy to see, indeed, that if for arbitrary
& > 0 there exists x € A such that x —ae € E = R" \ G, then there exist sequences
Xy — x € Aand g — 0as k — oo such that x; — asy € E. By passing to the limit
as k — oo, we find that x € E because E is closed, which is impossible. Similarly, if
ah —x € E forany A > 0 and some x € A depending on A, then there exist sequences
A — ooand x; — x € A suchthatahy — x; € E ora — xx/Ax € E. If k tends to
infinity, we see that @ € E, which is impossible. Thus, there exist vectors u, v € G such
thatu < x < v forany x € A. By virtue of Theorem 1.1.2, there exist #; > 0 and a constant
¢ > 0 such that
() _

S(ta) —
fort > t; and x € A. In view of relation (1.3.15) and the monotonicity of /;, h;(x) <
max(cy, ¢y) for sufficiently large ¢ > ¢, and x € A. Therefore,

u(@x)t"  f(tx)
R(1) — [(ta)

fort > max(t;, ;) and x € A By virtue of the Lebesgue theorem, from (1.3.17) and (1.3.18)
we obtain

4

h(x) < cmax(cy, cy) (1.3.18)

[”(”‘)t" dx —>/g01(x)h(x)dx, k = oo. (13.19)
4 R(t) A

We assume that ®(d4) = 0. Then, along with (1.3.19), (1.3.14) holds, and therefore,

O(A) = /A 1 (Vh(x) dx.

According to the last relation, the function / is uniquely defined by ® up to a set of Lebesgue
measure zero. But 1 € M1 (G) by (1.3.17), that is, 4#(x) = /(x), so h is uniquely defined
by ®. It is easy to see, indeed, that if s;,hy € MT(G) and /1(x) = hy(x) almost
everywhere in G, then for an arbitrary x € G there exists a sequence x; | x as k — oo
such that &7 (xg) = ha(xg). By passing to the limit in the last equality as k — oo, with
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the use of Lemma 1.2.2 we conclude that /1y (x4+) = hy(x4) or hy(x) = ha(x). Therefore,
keeping in mind that the limit / does not depend on the sequence (#x, k € N), we see that
hy = hast — oo, that is,

g(tx)r(t) = h(x), t — oo, (1.3.20)

for an arbitrary point x € G of continuity of /1, where r(z) = t" f(ta)/R(?) is regularly
varying at infinity. For any x € G, A > 0, u > 0 such that / is continuous at the points Ax
and px, we see that

h(hx) = lim g(thx)r(t) = lim g(bux)r (b%)

= (%)a b]i)n;o gbux)r(b) = (%)"‘ h(px),

or
h(hx) = (%)ah(,ux), (13.21)

where « = indr. We set 0 = {y:y € G, y is a continuity point of /}. Then, by virtue of
(1.3.21) and Lemma 1.2.2, we obtain

h(xy) = wl,lf;eah()”x) = pSh(px),

h(x-) = lm h(Ax) = u*h(ux).
A, Axeo
By Lemma 1.2.2, / is continuous at x. Thus, (1.3.20) holds for all x € G. Let ¢ = ¢1h.
Then from (1.3.20) and the fact that / € R,(G) it follows that

t"u(tx)
R(?)

— p(x), t — oo,

for x € G, which completes the proof of part 1 of the theorem.
Let us prove the second part of the theorem. Let u € R,(I"). For some vector a € S,
we set

R(t) = t"u(ta), ¢ = Ha(u), L(x)=u(x)/e(x), p=inde.
By virtue of Theorem 1.1.2, L € T>(I"). We observe that for x € S
X
0< 90 = xPo (%) = I+l maxoo)
|x| beB

Therefore, for ¢ < n + p the function |x|~¢(x) is locally integrable on S with respect to
the Lebesgue measure, because p > —n. For each such ¢ > 0 and arbitrary 4 € A, A C T,

we see that Uia) ( ) L( )
t u(tx x
RO /A o0 “ / YO Laay ™
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where v(f) = u(ta). Let b > 0 be chosen so that for any compact K C {x:x € S, |x| > b}
the inequalities
0 < inf L(x) < sup L(x) < o0
xeK xek

hold (see Lemma 1.1.2). We set D = {x:x € R”, |x| < 1}. Then

U@A) L(tx) _ U(BD) | sWpyerayzp [YI°L(Y) .
R(t) / ()L(m) = RG) L(ta) /w(X)le dx

=o(1) + (1 +o(1)) /1; o(x)|x|"dx, t — o0,

by virtue of Lemma 1.1.3 and the fact that R() — oo ast — oo (because ind R > 0).
From the last bounds it follows that

o UG
1m su
el R(1)

[ () |x| 5 dx

for any ¢ € (0,n + p). By virtue of the Lebesgue theorem,

/ () x| Fdx — / o) dr. & o0
A A

Therefore,

. U(tA)
llgingl) §/A<p(x)dx. (1.3.22)

Estimating U (¢t A)/ R(t) from below, we obtain

U(tA) U(bD) innyIA,|y|Zb |y|*8L(y) .
R(1) = R(1) t—¢L(ta) /(p(x)|x| dx

for any ¢ > 0; therefore,

lim inf A sz(x)dx. (1.3.23)
A

t—00 R([)

From (1.3.22) and (1.3.23) it follows that

UitA)
RO —>/Ago(x)dx, t — oo.

Formulas (1.3.11) and (1.3.13) immediately follow from the last relation and Theorem 1.3.3.
Part 2 of the theorem is thus proved.
Let the hypotheses of the third part of the theorem be satisfied. Let us demonstrate that

u(ty) —u(tx)

e =0 (1.3.24)

lim limsup
[x=y|=0 i>c0
X,y€
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for any compact K C G, where v(¢) = t " R(t). Assume the contrary: let there exist
sequences xg, Vx € K, ty — 00, |xx — yx| = 0 as k — oo, and & > 0 such that

u(tx yi) — u(texr)
v(?)
Without loss of generality we assume that x; — x € Kask — ocoand 0 < t; < f, <

-+ <ty <--- Then yy — x ask — oo. Leta(t) = xx,b(t) = yi fort € [ty, tx+1), then
a(t) — x,b(t) — x ast — oo, therefore,

u(ta(t)) —u(tx) =0 u(b(t)) —u(tx) N
v(1) ’ v(?)

(1.3.25)

0

as t — oo; hence
u(ta(r)) —u(tb(t)) N
v(?)

0, t — oo.

Fort > ¢y, let
u(ta(t)) —u(tb())
v(t)
The last relation for t = #, tx > to contradicts (1.3.25). Thus, (1.3.24) is true. By virtue of
Theorem 1.3.3,

U(t)/R(t) = O, t — oo, (1.3.26)
for some measure ® on I', and
d(L) =y () <oco  VieC. (1.3.27)

We fix an arbitrary x € G and take (rpy > 0, k € N)sothat Ay = {y:y € R", |y — x| <
ey € G, ®(0Ax) = 0. Then

u(tx) |Ak|71/ u(tx)d A (U(ZAk) _/ u(ty)—u(tx)dy)
Ay Ag

vy vy T R(t) (1)
U4y lu(ty) —u(ix)|
< |Ag| RO +ys€uApk () . (1.3.28)

From (1.3.24) and (1.3.28) it follows, first, that u(¢zx)/v(¢) is bounded for sufficiently
large ¢, and second,

. u(tx) _ ®(Ar) | |u(ty) — u(tx)|
lim sup =< + limsup sup ————
t—>oo V() [Ag] t—o00 yEAj v(?)

Taking into account (1.3.24) from the last inequality we arrive at
u(tx) i

D(Ag)
< inf
v(1) k—oo |Ag|

lim sup < oo

Reasoning as above but estimating from below, we see that

u(tx) . D(Ag)
im = lim
t—o0 () [ Ak

= ¢(x) < 0.
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Thus,
u(tx)
v(t)

Let us demonstrate that ¢ is continuous in x. From (1.3.24) it follows that for an arbitrary
& > 0 there exist § > 0 and b > 0 such that

|u(ty) — u(tx)|
v(1)
for |y — x| < 8§ and ¢t > b. By passing in the last inequality to the limit as  — oo, we find
that |@(y) — ¢(x)| < e. Next, let us show that (1.3.29) holds uniformly in x € K for an

arbitrary compact K € G. We assume the contrary that there are x; € K, x;p — x € K,
tr 1 oo as k — oo such that

—@(x) <oo (t — 00). (1.3.29)

u(texg)
v(l)

But by (1.3.24), (1.3.29) and continuity of ¢ there exists m such that for k > m

—@(xg)| >0 > 0. (1.3.30)

lu(texp) — u(tgx)|

NS R
0 (xi0) — ()] < e0/3.
Ml)(sz);) ()| < e0/3.

which contradicts (1.3.30). Thus,

u(ty)
/A () dy—>/A<p(y)dy, 1 — oo,

forany set A € A, A K I'. If A4 is chosen so that ®(dA) = 0, then from (1.3.26) we obtain

/ u(ly)dy — O(A), t — oo.
A

v(t)
From the last two relations it follows that ®(dx) = ¢(x)dx in G. Taking into account
(1.3.27), hence we obtain (1.3.13). The theorem is proved. O

1.4. Weakly oscillating functions

As a possible generalisation of regularly varying functions of many variables considered in
Section 1.1, one can consider weakly oscillating functions introduced in (Yakymiv, 1988).
We use them to prove the multidimensional Tauberian comparison theorem in Section 1.5
and in probabilistic framework in Chapters 2-5. In order to study weakly oscillating func-
tions, we need to introduce sequences of so-called asymptotically continuous functions and
analyse their properties.

Let D be a separable locally compact metric space. Let r(a,b) denote the distance
between elements a and b of D. Everywhere in this section (4,,(x), m € N) is a sequence
of complex-valued functions defined on D.
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DEFINITION 1.4.1. A sequence (n,(x), m € N) is said to be asymptotically continu-
ous in D, if for an arbitrary x € D

hm(¥) = hm(x) >0, m—>o00, y—x. (1.4.1)

LEMMA 1.4.1. Let a sequence (hy(x), m € N) be asymptotically continuous in D.
Then

hm(x) = hm(y) — 0

for any compact K € D and for x,y € K such that r(x, y) — 0 as m — oo.

PROOF. We assume the contrary that there exists an unbounded set L € N, sequences
Sm 4 0, Xm, ym € K, ¥ (Xm, Ym) < ém and & > 0 such that forall m € L

Vi (Ym) = lim (Xm)| = €.

Without loss of generality we assume that x,,, v — x € K asm — oo, m € L. Then

1 (Ym) = B (Xm)| < Vm(Ym) — B (O] + [ (Xm) — hm(X)] — 0

as m — 0o, m € L, because the sequence (/,,(x)) is asymptotically continuous. This
contradiction proves the lemma. O

THEOREM 1.4.1. Let a sequence (hy(x)) be asymptotically continuous in D. In order
for it to be pre-compact in D in the pointwise convergence topology, it is necessary and
sufficient that for any x € D

lim sup |1, (x)| < o00. (1.4.2)

m—00

PROOF. It is clear that condition (1.4.2) is necessary. Let us prove its sufficiency. Let
(1.4.2) hold and D’ = {x1, x2, x3, ... } be a countable everywhere dense set. With the use
of Cantor’s technique we construct an unbounded subset L C N such that for all x € D’

hm(x) = h(x), m—>o00, melL, (1.4.3)

for some function /(x) on D', where |h(x)| < oco. It is easily seen that 22(x) is uniformly
continuous on the set M = K N D’ for any compact K € D. By virtue of Lemma 1.4.1,
for any & > 0 there exist / € N and § > 0 such that

|hm(X) = hm ()| < & (1.4.4)

forany x,y € K, r(x,y) <8 m € N,m > [. Now let x, y € M. If m grows without
bound in (1.4.4), recalling (1.4.3) we see that

|h(x) =h()| =&,
which implies the uniform continuity of the function 4 on M. Further, for any x € D \ D’
there exists
def

lim  A(y) = h(x). (1.4.5)
y—>x,yeD’
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To see this, let h(x,) — ¢ for some sequence x,, € D', x,, — x, and let a sequence

Ym € D' be such that y,, — x as m — 0o. We choose § > 0 in such a way that the set
K(x,8) ={y:ye D,r(x,y) <48}

is a compact in D. Then from the uniform continuity of the set /2 on the set K(x,8) N D’ it
follows that

[(ym) = ¢| < 1h(Ym) — h(xXm)| + [h(xm) — | = 0, m — 00,

which implies (1.4.5). It remains to show that (1.4.3) holds for all x € D \ D’. We choose
arbitrary x € D \ D’ and & > 0. For them, we find / € N and § > 0 such that

|hm(xX) — hm(a)| < €/3

forall m > [ and a € K(x,3). By (1.4.5), there exists a € D’ N K(x, §) such that
|h(a) — h(x)| < &/3.

For this a, we take k > [ such that

|hm(a) —h(a)| <¢e/3
forallm > k,m € L. Then

lhm(x) = h(X)] = |hm(x) = hm(@)| + |hm(@) — h(@)| + |h(a) — h(x)| < &

for any m € L, m > k, which is the desired result. The theorem is proved. O

THEOREM 1.4.2. We assume that a sequence (hy,(x), m € N) is asymptotically con-
tinuous in D and that

N (x) = h(x), [h(x)| < oo, (1.4.6)

forall x € D as m — oo. Then the function h(x) is continuous in D and relation (1.4.6)
holds uniformly in x € K for any compact K < D.

PROOF. The continuity of /(x) follows from relations (1.4.1) and (1.4.6). We assume
that there exist a compact K € D, ¢ > 0, a sequence x,, € K, and an unbounded set
L € N such that

|Am (Xm) — h(xm)| > € (1.4.7)
for any m € L. Without loss of generality we take x,, — x € K. Since
[ (Xm) — B (X)) | = Vhm (Xm) = hm ()] + | (x) = h(X)| + [h(x) — h(xm)],

in view of the asymptotic continuity of /,,, relation (1.4.6) and the continuity of /s (x) we
obtain
[ (Xm) — h(xm)| =0, m—>o00, melL,

which contradicts (1.4.7). The theorem is proved. O



1.4. Weakly oscillating functions 29

THEOREM 1.4.3. Let D be connected and (h,,, (x)) be asymptotically continuous. Then

limsup sup |hm(x) —hm(y)] < o0 (1.4.8)

m—oo x,yekK
for any compact K < D.

PROOF. We take arbitrary a,b € D. Let {x(¢),¢ € [0, 1]} be a continuous curve which
joins the points ¢ and b, x(0) = a, x(1) = b. We set

T ={t:t €[0,1], limsup |m(a) — hm(x(t))| = oco}.
m—0o0
Let us show that T = @. Let the contrary be true, thatis, 7 # @, and let v = inf T'. Tt is
clear that v > 0. In view of continuity of the curve x (¢) and asymptotic continuity of (/,,),

we obtain
M (x(8)) — hm(x(@)) =0, m—>o00, s,t— .

Therefore, there are k € N and § € (0, v) such that
[ (x () — hm(x ()] < 1 (1.4.9)

for any s, € [v—36,v+ 6], m € N, m > k. We take arbitrary t € [v — §,v) and
s €[v,v+ 6] N T. Then by (1.4.9)

limsup |y (a) — b (x ()| < 1 4+ limsup |hp (@) — hm (x(2))] < o0,
m—00 m—0o0

which contradicts our choice of 5, s € T.
Thus, T = &. Hence

limsup | (a) — hm(b)| < 00 (1.4.10)

m—0o0

for any a,b € D. Assume that (1.4.8) does not hold, that is, for some compact K € D
there exists an unbounded set L € N and sequences X, V;;, € K such that

[m (Xm) — hm(Ym)| — 00, m —o00, me L.

Without loss of generality we assume that x,,, > a € K, y,, > b € Kasm — oo, m € L.
By virtue of the asymptotic continuity of (/,,), hence it follows that

|hm(@) — hm(b)| — 00, m —o00, meL,
which contradicts (1.4.10). The theorem is proved. O

DEFINITION 1.4.2. A family of functions (/;(x), t > to) is said to be asymptotically
continuous in D as t — oo if forany x € D

hi(y) —hi(x) >0, t—>o00, y—x.

REMARK 1.4.1. It is clear that, in view of Definition 1.4.2, Lemma 1.4.1, and Theor-
ems 1.4.1, 1.4.2, 1.4.3 remain true after changing m € N for ‘continuous’ parameter ¢ > #y.
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As above, let T' be a cone in R” with apex at zero, S = T \ {0}, and let # be a non-
negative variable.

DEFINITION 1.4.3. A non-negative function f(x) defined forx € T', |[x| > a > 0, is
called feebly oscillating (at infinity in T") if there exists a vector e € S such that f(te) > 0
for all sufficiently large ¢, and for arbitrary x € S, as t — oo,

Stxe) = f(1x) = o(f(te)). (1.4.11)

provided that x; € S, x; — x.

Unless otherwise stated, in what follows we assume that .S’ is connected. For illustrative
purpose, we give a series of examples of feebly oscillating functions for n = 1, (here
I =R ={t.1>0}.

e))

2

3

“

Let a function f(x) > 0 be defined and differentiable for x > a > 0, and for some
real o, BB let

af(x) < xf'(x) < Bf(x).
Then f is feebly oscillating at infinity (such functions were introduced in (Keldysh,
1973) and then used in Tauberian theorems, see, e.g., (Selander, 1963)).

For all ¢ > 1, let there exist constants «, 8, and v > 0 such that

/) SO/ () S elx/p)P

for any x > y > v. Then f is feebly oscillating at infinity. For monotone functions,
one of the last inequalities is certainly true (such conditions on monotone functions f'
were used in Tauberian theorems proved in (Belogrud, 1974; Matsaev, Palant, 1977,
Sultanaev, 1974); see also the monograph (Kostyuchenko, Sargsyan, 1979)).

Let a function f(x) > 0 do not decrease, and for all A > 1 let
. S()
lim su =g(A) < o0,
msup 109)

while ¢(14) = 1. Then f is feebly oscillating at infinity (such conditions of
functions f* were used in Tauberian theorems given in (Stadtmiiller, Trautner, 1979;
Stadtmiiller, Trautner, 1981; Stadtmiiller, 1983)). Similar example can be formulated
for non-increasing functions.

Let f be a function regularly varying at infinity, that is, be positive, measurable, and
SR/ f(O) = @A) >0, ¢(}) < oo,

for any A > 0 as ¢ — oo. Then f is feebly oscillating at infinity. Such functions
were first introduced by J. Karamata (Karamata, 1930a; Karamata, 1930b; Karamata,
1931a) in connection with establishing extensions of a known Tauberian theorem due
to Hardy and Littlewood (Hardy, Littlewood, 1914). Now regularly varying functions
enjoy wide application, see (Bingham et al., 1987).
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We observe that feebly oscillating functions may oscillate between two power functions.
For example, the function

f(x) — xsin Inlnx

oscillates between x~! and x but very slowly, so remains in the class of feebly oscillating
functions. In passing it should be mentioned that the regularly varying functions oscillate
between x?~° and x”*¢ for any fixed ¢ > 0, where p is the index of regularly varying
function (Seneta, 1976; Bingham et al., 1987). The functions in the above examples 1-3
are, generally speaking, not regularly varying, as seen from the function

f(X) — x2+sinln1nx

For feebly oscillating functions, the following theorem is true.

THEOREM 1.4.4. Let a function [ be feebly oscillating at infinity in T. Then for any
compact K € §

. S (x)

lim sup sup < 00, (1.4.12)

t—oo xek f(te)

and the limit
ty)— S

lim sup =S (1.4.13)
t‘;—_;o% x,yeK f(te)

lx—y|<8

exists.

PROOF. Let f(te) > 0fort > . For x € S and t > t, we set

(without loss of generality, we let f be defined in the whole S). Let us demonstrate that
the family of functions (/1;(x), t > o) is asymptotically continuous in S as t — oo (see
Definition 1.4.2). We assume the contrary: let there exist sequences t,, — 00, X;; € S,
Xm — X € S asm — oo and ¢ > 0 such that for all m € N

| f tmxm) — [ (tmx)| e
S (tme)

We also assume that fp < t1 < tp < .... We set x(¢) = X, fort € [ty, tm+1). It is clear
that x(t) — x ast — oo. By (1.4.11),

(1.4.14)

Jx(0) = f@x) =o(f(te)), 1 — o0.

Setting ¢t = 1, in the last equation, we obtain

S tmxXm) = [ (tmx) = o(f(tme)), ~ m — oo,
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which contradicts (1.4.14). Thus, the family of functions (/,(x), ¢ > fo) is asymptotically
continuous in S. Therefore, from Theorem 1.4.3 (see Remark 1.4.1) it follows that for any
compact K € S

lim sup @) = Jenl (1.4.15)

t_>°°x,y€K f(te)

Without loss of generality, we assume that e € K (the compact K, if needed, may be
extended by one point). It is clear that

S(x) _ | f@x) = f(e)
AU f(ze)
Now (1.4.12) follows from (1.4.15), (1.4.16) because e € K. Relation (1.4.13) follows

from Lemma 1.4.1 and asymptotic continuity of the family of functions (&(x), t > to).
The theorem is proved. O

+ 1. (1.4.16)

REMARK 1.4.2. From (1.4.11) it follows that for all A > 0, x;,x € S, x; — X as

t— o0
flx) = fex)

f(the) 0

Ii is easily seen indeed that
Sx) = [(x) _ [ D) = S eh)
flthe)y f(the)

ast — oo by (1.4.11).
COROLLARY 1.4.1. If f is feebly oscillating ((1.4.11) holds), then for all0 < a < b <

> A
!

0 < liminf inf 2%

t—oo Aela,b] f(te)

0

It is easily seen indeed that for T = A

>c>0

flhe) _ [(xe) (.f(r(rle»)‘l

feey ~ f@rle)y ~ U f(ze)

for some ¢ > 0 and all 7 large enough by (1.4.12).
If S is not connected and f feebly oscillates in T, then (1.4.12) may be broken.
Forexample,let ' = R!, f(x) = 1,x < —1; f(x) = Inx, x > 1. Itis easy to see that
f obeys (1.4.11) with e = —1, that is, f is feebly oscillating, but as z — oo

AU
S(te)

in other words, (1.4.12) does not hold.
Let us give a definition of weakly oscillating functions.

=Int — oo,
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DEFINITION 1.4.4. A function f(x), which is defined and positive for x € T, |x| >
a > 0, is said to be weakly oscillating (at infinity in ') if

fxe)/ftx) — 1 (1.4.17)

forall x;, x € S, x; — x,ast — oo.

REMARK 1.4.3. In the definition of a weakly oscillating function it suffices to consider
(1.4.17)tobe true forall x € S, |x| = 1.

It is easily seen indeed that if |x| = 1 and (1.4.17) holds, then for any positive v
Svxy)/ f(tvx) = f((tv)x,)/f((tv)x) = 1. 1 — oo.
THEOREM 1.4.5. Let a function f be weakly oscillating at infinity. Then
(1) the function f is feebly oscillating and (1.4.11) holds for any vector e € S.

(2) the relations

S(x) AGY)

0 <liminf inf =—— <limsup sup ——= < 00 (1.4.18)
t—>00 x,yeK f(1y) t—00 x,yeK J(@y)
hold for any compact K C S; the limit
4
lim sup M - 1‘ =0 (1.4.19)
téjo% x,yeK f(lX)
[x—y|<é

exists.

PROOF. If (1.4.19) does not hold, then there exist ¢ > 0 and sequences #x 1 00, Xk, Vk,
Xk — X, Yk — X as k — oo, such that

| fteyi)/ f(trxp) — 1] = &> 0.

If we now set a(t) = xx and b(t) = yi fort € [t, tx+1), then we see that for 1 = #;

| /@b (1)) f(ta(r)) — 1] = & > 0.
But in view of (1.4.17)
f@a@)) _ fta@®) f(x) N
S@b(1)) S@x) fb@)) '

This contradiction proves (1.4.19).
We take arbitrary vectors x, y € S. According to (1.4.19), there are ¢ > 0 and 7y > 0
such that

t — o0.

|/ (ta)/ f(th) — 1] = 1/2

foralla,b € I,|la—b| < e&,t > ty, where I = {z:z = x(¢), t € [0, 1]} is a continuous
curve which joins the points x and y while x(0) = x, x(1) = y, I € S. We choose m € N
so that w(1/m) < ¢, and set

x1=x(1/m), x2=x@2/m), ..., xpm—1 =x((m-—1)/m),
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where w(§) is the modulus of continuity of the curve x(¢). Then
> Sx)  Sxme1) (l)m .
S (tx1) S@y) 2

We assume that (1.4.18) does not hold. Then there exist sequences #x — 00, Xk, Vx € K,
such that as k — oo

(1.4.20)

S@exi)/ f(teyr) — oo.

Without loss of generality we assume that x; — x € K, y — y € K as k — o0o. By

virtue of (1.4.19),
S (texy) 1 S(teyr) 1
S (tex) ' S/ tey)

as k — oo. Therefore,

JWex) _ S exi) SWex) [teye) o
f@y)  ftye) ftexe) fty)
as k — oo, which contradicts (1.4.20). Thus, (1.4.18) is proved.

Letx;,x,e € S, x; — x ast — o0o. By (1.4.18), there exist ¢ > 0 and #p > 0 such that
fort > 1y

S@x)/f(te) = c.
Then fort > 1,
|f@xe) = f@O)] _ [f@x) = f@x)] _ 1] f@x) 1‘
S(te) B c¢f(1x) c| flix)
From the last relation it follows that (1.4.11) holds true for an arbitrary vector e € S. The
theorem is proved. O

With the use of Theorem 1.4.5, we arrive at the following.

COROLLARY 1.4.2. The assertions below are equivalent.
(a) A function f is weakly oscillating.
(b) (1.4.11) holds true for any vectore € S.
(¢) (1.4.11) holds true for any vectore € S, |e| = 1.
(d) (1.4.11) holds true for some vector e € S, and

foranyx € S, |x| = L.

We recall that a cone T is said to be solid if intT" # @.

COROLLARY 1.4.3. Let f be feebly oscillating at infinity in T ((1.4.11) holds). Then
there exists a solid cone R with apex at zero such that e € int R and f is weakly oscillating
at infinityin I’ N R.
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PROOF. Let f obey (1.4.11). Then by (1.4.13) there exist § > 0 and #y > 0 such that
|f(tx)/f(te) = 1] = 1/2 (1.4.21)
forallt > tp,x € S, |x —e| < 8. We set
R={y:y=Ax, x € B, A > 0},
where
B={x:xeR" |x—e| <6}

It is clear that R is a solid cone, ¢ € int R. We choose an arbitrary vector y € S N R,
y = Ax for some A > 0 and x € B. By virtue of Corollary 1.4.1, there exists #; > 0 such
that

f(the)/f(te) > c >0 (1.4.22)

for all t > t; with some constant ¢. From (1.4.21) and (1.4.22) it follows that

[y) _ [(hx) [(the) _ ¢
fe) — flthe) flre) — 2
for ¢t > max(to/A, t1). In order to complete the proof of Corollary 1.4.3, it remains to make
use of Corollary 1.4.2. a

It is clear that in the one-dimensional case the feebly oscillating functions are weakly
oscillating. The example below demonstrates that this is not the case forn > 1. Let

I'={x = (x1,x2), x1 20, x2 > 0},

X1, x1 >0,
Inx;, x;3 =0,

- |

where x = (x,x3) € I'. Itis not difficult to see that f obeys (1.4.11) with e = (1, 1), that
is, f feebly oscillates. But for x = (0, 1)

f(@x)/f(te) =Int/t — 0, t — o0,

and therefore, f is not weakly oscillating.
The theorem below extends the well-known integral representation theorem on regularly
varying functions in (Seneta, 1976).

THEOREM 1.4.6. Ifa cone T is closed, then

(1) afunction f is feebly oscillating at infinity in T if and only if it admits the represent-

ation
|x]
f(x) = h(x)exp (f @dt> , (1.4.23)
b t

where x € T, |x| = b > 0, and h(x) is feebly oscillating at infinity in T, &(t) is
measurable, and

sup h(x) < oo, sup |&(t)| < oo.

Ix|>b 1>b
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(2) A function f(x) is weakly oscillating at infinity in T if and only if it admits the rep-

resentation
[x] t
f(x) =exp (n(x) + / &dt> (1.4.24)
where |x| > b > 0, x € T, and &(t) is measurable,
sup |n(x)] < oo, sup |e(?)| < oo,
lx|=b t=b

and the function exp(n(x)) weakly oscillates at infinity in T.

PROOF. For n = 1 the theorem follows from the corresponding assertion concerning
the RO-varying functions (Seneta, 1976, Theorem A1). We recall that a positive and meas-
urable for x > a > 0 function f(x) of one variable is said to be RO-varying at infinity if

forany A > 0
0<1iminff( X) < lim f( X)
X—>00 (x) x—>oo JS(x)
Let n > 1 and the function f be weakly oscillating at infinity in I". We choose some vector
e € S and represent f as

< o0

, S (x)
S (x) = ———=f(|x]e).
S(Ixle)
In view of closeness of ', the set B = {x:x € T, |x| = 1} is a compact. From this fact

and Theorem 1.4.5 it follows that

SO )
O < 7 xle) = M5 7 (1) <

and the function f'(x)/f(|x|e) is weakly oscillating as the ratio of two weakly oscillating
functions. It remains, because, as we have seen, the theorem is true for n = 1, to represent
f(|x]e) in the form (1.4.24). Part 2 of the theorem is proved; part 1 is validated similarly.

|

COROLLARY 1.4.4. Let a cone T be closed and a function f(x) be weakly oscillating
at infinity in T'. Then there exist real «, B, b > 0, ¢ > 0, ¢y > 0 such that

colx|* < ?Ete; clx|?,  Vxel:|x|>1, (1.4.25)
colx|f < ?sz)) <clx%,  VxeTl:b/1<|x| <1 (1.4.26)

forallt >bande €T, |e| = 1.

PROOF. In accordance with representation (1.4.24) forz > b, le| = 1, |x| > 1,

tlx|
S ) = exp (n(tx) —n(te) + / ?du)

fte)
x|
<cexp <ﬂ /;t idu) = cexp(BIn|x|) = ¢|x|?
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with some constants ¢ and 8. If b/t < |x| < 1, thenfor¢ > b and |e| = 1

f(tx) " e(u) "duY o
S(te) s e (_ /t.\x\ Tdu) scew (_a /t.\x\ 7) =<l

with some real «. The left-hand sides of inequalities (1.4.25) and (1.4.26) are proved simil-
arly. O

REMARK 1.4.4. By virtue of Corollary 1.4.4, if a cone I" is closed, then for any weakly
oscillating at infinity in T" function f'(x) the indices

ind— f =sup{e:a e R, 3b,c>0|Vt>b, Vxe S, b/t <|x| =1,
Jx)/f(te) < c|x|*},
ind; / =inf{:BeR, Ib,c>0|V:t>b, Vx €S, |x|>1, f(tx)/f(te) < c|x|P}

are finite and do not depend on the vectore € S.

To close this section, we speak about one more class of functions which will find use in
Tauberian theorems.

DEFINITION 1.4.5. For all ¢+ > #p > 0, let some positive function r(¢) be defined. A
complex-valued function f(x) defined for x € T, |[x| > a > 0, is said to be r-slowly
varying (at infinity in I') if forall x € S

ftx;) — f(tx) = o(r (1)), t — o0, (1.4.27)

as x; —> X, x; € S.

We highlight two particular cases of (1.4.27). First, for r(t) = 1 and T = {¢:¢ > 0}
we arrive at a well-known notion of a slowly oscillating function (see, e.g., (Postnikov,
1988; Postnikov, 1980)). Second, for f(x) > 0 and r(¢) = f(te) with some ¢ € S we find
ourselves in the class of feebly oscillating functions considered above (see Definition 1.4.3).
The following assertion is true.

THEOREM 1.4.7. Let a function f(x) be r-slowly oscillating at infinity in T'. Then

S = )] _

limsup sup (1.4.28)

t—>00 x,yeK r(t)
for any compact K C S, and the limit
tx)— f(t
lim e — sl _ (1.4.29)
[5—>0 x,yek r(t)
—00
|x—y|<é

exists.

Theorem 1.4.7 is proved in the same way as Theorem 1.4.5.
In the one-dimensional case, close classes of functions were studied in (Bingham, Gol-
die, 1982a; Bingham, Goldie, 1982b; de Haan, 1970; Geluk, de Haan, 1987; de Haan,
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Stadtmiiller, 1985). In the book (Geluk, de Haan, 1987), a measurable function /: R4 — R
is called asymptotically balanced if there exists a function a: R+ — R such that

S~ 1) _

¢(x) = limsup 00, Vx > 1,
t—00 a(t)
¥(x) = lim infM > —00, Vx >0,
t—00 a(z‘)
and there exists xo > 1 such that
(tx)— f(t
Y(x) = htn_l)lor.}f% >0, Vx > Xxp.

Even more general classes of functions were considered in (Bingham, Goldie, 1982a; Bing-
ham, Goldie, 1982b). It was assumed there that the above function ¢(x) is merely finite on
a set of x inside [1, 00) of positive Lebesgue measure.

Of much probabilistic application are the so-called w-varying functions introduced in
(de Haan, 1970) which comprise a special case of asymptotically balanced ones such that
¢(x) = Y¥(x) = Inx Vx > 0. The w-varying functions of two variables are considered in
(Omey, 1989). In the context of renewal theory, weakly oscillating functions of one variable
are recently studied in (Buldygin et al., 2002).

1.5. A multidimensional Tauberian comparison theorem

Let I' be a closed convex acute solid cone in R” with apex at zero (see the beginning of
Section 1.1), and let I'* be the dual to " cone:

I'*={y:yeR"(y,x)>0VxeTl}.

We preserve the notation of Section 1.3: § = '\ {0}, G = intT", C = intI'*; the relations
r

r
x < yand x < y mean, respectively, that x, y, y —x € ' andthatx € T, y,y — x € G;
the Laplace transform of a function f and the Laplace—Stieltjes transform of a measure F
on I" are denoted, respectively, by f(A) and F(A):

~

) = /F e~ £(x) dx, F()) = /F e~ *) F(dx)

c
(under the assumption that they exist for A > a with some a € I'*). Since the Laplace—
Stieltjes transform reduces to the Laplace transform as follows:

F)=7M/10), reC, (15.1)

where f(x) = F{y:y g x}, T(k) is the Laplace transform of the unit function, we will
deal with Tauberian theorems on the Laplace transforms only.

Before formulating and proving multidimensional Tauberian theorems, we prove the
following two continuity theorems.
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THEOREM 1.5.1. Let complex-valued functions [, (x), f(x) be defined and measur-
ableinT, | fm(x)| < o(x) forallx € T andm € N,

@(a) < 00 (1.5.2)

for some a € C, and let f,(x) — f(x) as m — oo almost everywhere in T (with respect

C
to the Lebesgue measure). Then for all . > a and m € N there exist the Laplace transforms
Jm @), [ (X), and
fm(A) — f(A), m — oo.

PROOF. Itis clear that f;,, f are Lebesgue-integrable on an arbitrary set 4 of the form

N ~ c
A = {x:x €T, |x| < t}, and there exist the Laplace transforms f;,(A) and f(A) for A > a.
Further, by virtue of Lebesgue’s theorem,

/C’_O"X)/}n(x) dx — / e * f(x)ydx,  m— oo, (1.5.3)
A A

c
forany A € C. We fix some A > @ and ¢ > 0. For these A and & we choose ¢ in such a way
that

fBe_()"’”(p(x) dx <¢/3,

where B =T\ A. Then

‘/ Sm(x)e™ X dx
B

< / w(x)e’(}"x)dx <e/3,
B

‘ / f(x)e=*9dx
B

< [ p(x)e”* ¥ dx < /3.
B
By (1.5.3), we choose k € N so that form > k

’f e~ (fn(x) = £ () dx| < /3.
A

From the above inequalities for all m > k we obtain the inequality

| () = J ()] <.
The theorem is proved. O

THEOREM 1.5.2. Let a sequence of complex-valued functions fm(x) defined in T' be
asymptotically continuous in D (D = G or D = S) (see Definition 1.4.1), and | frn(x)| <
@(x) for allm € N and x € D, while the function ¢(x) obeys (1.5.2) with some a € T*;

C
further, for all A > a let, as m — o0,

) = o), o) < co.
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Then there exists a function f(x) defined in D with a finite Laplace transform, | f M) < oo,

C
for & > a, such that for any compact K < D
Sm(x) > f(x),  m— o0,
~ c
uniformly in x € K, and w(A) = f(A) forall . > a.

c
PROOF. We take arbitrary x € D and A > a. Then for sufficiently large m > k

[fm ()] = + 4]

Sin(0) — 4] [A D () dy

[ D £ () dy‘
A
< |4t /Ae‘“’y)lfm(X) O dy + 1A il G0

< sup | fn(x) = S|+ 41719 < ¢ < o0,
yeA
where A = {y:y € D, |y — x| =< &}, |A] is the Lebesgue measure of A, and ¢ > 0
is appropriately chosen. The sequence { f;»(x), m € N} is thus pre-compact in D in the
pointwise convergence topology (Theorem 1.4.1). For some unbounded set L. < N and all
x € Dlet,asm —oo,m € L,

Jm(x) = f(x). (1.5.4)

Then by virtue of Theorem 1.5.1 form € L, as m — oo,
(%) = F )

for all A g a. Therefore, f (A) = w(X). Since f is continuous (Theorem 1.4.2), it is
uniquely determined by its Laplace transform w(1). Since the limit function in (1.5.4) does
not depend on the choice of the subsequence L C N, (1.5.4) holds as m — oo, m € N.
From Theorem 1.4.2 it also follows that (1.5.4) holds uniformly in x € K for any compact
K < D. O

First we prove the following Tauberian theorem of Littlewood type (Littlewood, 1910).

THEOREM 1.5.3. Let a function r(t) be regularly varying at infinity with index y > —n
(see (Seneta, 1976)), a function f(x) be r-slowly varying at infinity in T' (see Defini-
tion 1.4.5), and for all A € C let | f (A)| < 0o. Then the following assertions are true.

M If
S0/ 1)
t"r(t)

— Y (A), ¥ (A)] < oo (1.5.5)

forall L € C ast — o0, then

J@x)/r(t) = ¢(x), lp(x)| < o0 (1.5.6)

forall x € S ast — oo, further, for any A € C there exists p(A), and

o) =¥ Q). (1.5.7)
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(2) If (1.5.6) holds, then (1.5.5) and (1.5.7) also hold with some function V¥ (A).

(3) Under the hypotheses of assertions 1 and 2, the function ¢(x) is continuous and
homogeneous in S with homogeneity degree y (that is, ¢(tx) = tY¢(x) fort > 0
and x € S), and relation (1.5.6) holds uniformly in x € K for any compact K C S.

PROOF. We fix some ¢ > 0 so that y — & > —n. From the integral representation
theorem for regularly varying functions it follows (Vladimirov, Zavyalov, 1981) that there
exists 7o > 0 such that

h(u) < r(ut)/r(t) < g(u) (1.5.8)
forallt > to and u > ty/t, where

u¥te u>1+e, u’"t, u>1+e,
gu) = { h(u) = {

u¥=%, u<l1-—eg, u¥*te, u<1-—e,

and the functions g (u), 1 (u) take some constant values on the interval [1 — &, 1 + ¢].
First we prove assertion 2. By virtue of relations (1.4.28), (1.5.6), and (1.5.8), there
exist f; > fop, ¢ < oo such that

/@) _ S @)l r@lx]) _ [f(x/]x])

r@ relx) r@ T r(@ g‘(M)
f(re) 2(lx]) + If(IX/lxl)—f(re)lgUxD < cg(lx]) (1.5.9)
r(r) r(7)

forallt > t1,x € T, |x| > t;/t, where T = t|x|,and somee € S. Fort > t; and x € T,
we set

210x) = {f @x)/r (). |x| >/t

0, |x| <t/t.

We observe that the family of functions {g;(x), ¢ > ¢;} is asymptotically continuous in S
as t — oo (see Definition 1.4.2 and Remark 1.4.1), and in view of (1.5.6) and (1.5.9), for
allx € Sast — oo

g1(x) = ¢(x),

and |g;(x)| < cg(|x]|) for ¢t > t;. There exists, obviously, the Laplace transform of the
function g(]x|) in C. Hence, with the use of Theorem 1.5.1, for all A € C we obtain

g:(A) = o(h), t — oo. (1.5.10)

Butast — oo

~ _ Six) o~ ) o~/ 1) f(y) -
(A = d "d
s /\ T /\:V\>f1

sz 1) T
_ S0 - S o~ /1) f()»/t)
= "y (t) /|‘<,1 " V(t) Pdy = 1"r (1) +o(1), (1.5.11)
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because t"r(t) — oo as t — oo and

‘ / e 1 (y) dy‘ < f |/ (W) dy = const.
lyl=ny lyl=t1

The desired result now follows from relations (1.5.10) and (1.5.11). Assertion 2 of the
theorem is proved.
Now let us turn to the proof of assertion 1. As for assertion 2, we see that

_ Sx) _ox N
I(t) = /|x|zz2/t S A = v (1.5.12)

forany #, > 0 ast — co. We fix some vector e € S. We assume that there is an unbounded
set T C (0, o0) such that

t
M—>—i—oo, t—>o00, teT.
r(t)
Without loss of generality we assume that there is an unbounded set 77 € 7" such that
RIVAUI)

— = > 400, t—>o00, tely;

r(t)

otherwise we turn to the function i . We also assume that there is an unbounded set 7, <
T} such that

Rfe)/r(t) > +oo, t—>o00, teTn; (1.5.13)

otherwise we turn to the function — f'. Furthermore, in view of (1.5.8), (1.5.12), and (1.4.28)
there exists #3 > ¢, such that for any t > 3

/ f(t|x|e)e_()"x)dx
Ix|ze/e ()
X

B rt)x)) (f@x) = f]x]le)) _ax _
_ /\x\zm 5 ¢ ki@ = 00) (514

ast — o0o. By (1.5.13), to each M > 0 we put in correspondence some 7 = (M) in such
a way that fort > 7, ¢ € T, the formula

AN
r(t)
is true. Then by virtue of (1.5.8) and (1.5.15)
sn/ JUINI) ) g :f g LX) TUXD ) g
xlze/e 1) Ixlze/e rlx]) r ()
> M e~ X (|x|) dx.

|x|>1/t

M (1.5.15)
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Therefore,

t
lim inf E)?/ Me_()"x)dx > M/ e~ X (|x|) dx
|x|=/t V(l) T

t—o0, teT,
We set t4 = 7(0). The inequality is just weakened:

(tlxle
lim inf ER/ Me_(}"x)dx > M/ e~ *p(|x|) dx.
x|zt (D) r

t—o0, teTs

Since the left-hand side of the last inequality does not depend on M, we see that

t
m/- S( |X|e)e—(l,x)dx_>+oo, t —>o00, teT,,
xzta/e T(0)

which contradicts (1.5.14). Hence,

lim su /)]
p

< o0
t—>00 V(l)

Therefore, as for assertion 2, we conclude that (1.5.9) is valid. The rest follows from
Theorem 1.5.2. Assertion 3, in view of the abovesaid, is an immediate corollary to The-
orem 1.5.2. O

For two cones 'y and T, we write I’y < T’ if the closure of the set {x: x € T'y, |x| = 1}
is contained in int ;. The main result of this section is the following multidimensional
Tauberian comparison theorem.

THEOREM 1.5.4. For some non-negative functions f(x) and g(x) defined in T, let
there exist their Laplace transforms f (A) and g(X) for A € C, let the function f(x) be
weakly oscillating at infinity in T (see Definition 1.4.4), let g(x) = r(x)h(x), where r(x)
is monotone inside G (see the beginning of Section 1.2), and let the function h(x) be weakly
oscillating in G and ind— f > —n (see Remark 1.4.4). If

g/ fn) > 1, 10y, (1.5.16)
Sfor some solid cone Cy < C and all A € Cy, then
gx)/f(x) > 1, |x|—>o00, x €Ty, (1.5.17)

for any cone I'y < T

This Tauberian theorem extends those given in (Vladimirov, 1978; Stadtmiiller, Traut-
ner, 1979; Stadtmiiller, Trautner, 1981; Stadtmiiller, 1983).

PROOF. We assume the contrary: let there exist a sequence x,, € ['o such that
|[Xm| — oo as m — 0o, and a constant ¢ # 1, 0 < ¢ < o0, such that

g(xm)/ f(xm) — c, m — oo, (1.5.18)
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We set X = tmem, where ty, = |Xml, em = Xm/|Xm|. Without loss of generality, we
assume thate,, - e € B = {x:x € T, |x| = 1} as m — oo. We observe thate € G,
because I'g < T'. Further, for A € Cy

FM tm) = [ e~ 3/t £(x)ydx = 1" f(xm) / SnX) ) gy (1.5.19)
r r f(tmem)
We observe that the sequence of functions
am(x) = f(tmx)/ [ (Xm)

is asymptotically continuous in S (in the sense of Definition 1.4.1). It is easily seen indeed
that, by virtue of Theorems 1.4.5 and 1.4.4
S (tmx) — f(tmy) _

f(tmx) = f(tmy) B
ey~ Ao = o) (1520)

asm — 00, y — X, X,y € S. Next, by virtue of Corollary 1.4.4, there are o, 8,1 > 0,
¢1>0,—n<a < B <oo,suchthat forallz >/ andm € N

am(X) —am(y) =

S@x)/f(tem) < o(x), (1.5.21)
where
c xﬁ, x| >1,
o) = [P
clx|®, I/t <|x|] =<1
We set

b () = am(x), x| =1/tm,
" 0, x| < 1/tm.

In view of (1.5.20), the sequence of functions {b,,(x), m € N} is asymptotically continuous
in S, and for all m € N, by (1.5.21),

bm(x) = ¢(x), (1.5.22)

and since @ > —n, we see that (1) < oo forall A € C. Taking account for Theorems 1.4.1
and 1.4.2, without loss of generality we assume that

bm(x) — a(x) (1.5.23)

as m — oo for all x € S and some continuous function a(x). In this case, by virtue of
Theorem 1.5.1, taking into account relations (1.5.22) and (1.5.23), we find that forall A € C
asm — oo
bu(h) = a(L) < oco. (1.5.24)
Further, in view of (1.5.24),
Mé‘_o"x)dx — 5m()h) +/ Le_o‘/”"’x)dx
r f(tmem) |x|<I [r';l./(tmem)
=a(A) + o(1) (1.5.25)
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as m — 00, because, as |x| — oo,
Ix[* f(x) = 400
by virtue of Corollary 1.4.4 and the fact that ind— f > —n. Then

g(tmx)
S (xXm)

Therefore, from (1.5.16), (1.5.19), (1.5.25), and (1.5.26) it follows that as m — oo

S/ tm) =ty [ (xm) / e~ dx. (1.5.26)
r

8(tmX) (%) ~
g 7f([mem)e dx — a(A) (1.5.27)
for any A € Cy. We set
_ h(tmx) _ r(tmx)h(tme)
B T R ()

It is clear that the functions u,,(x) are monotone inside G and the sequence of functions
{vm(x), m € N} is asymptotically continuous in G. By virtue of (1.5.27) and The-
orem 1.3.2,as m — o0

/um(y)vm(y)dyﬁ/a(y)dy, (1.5.28)
4 4

where
r
A={y:yel, y>x, |y—x| e}
We observe that
Unm(x) < ¢ (1.5.29)

for some ¢, < oo and all m € N. In view of (1.5.28), there indeed exists ¢3 < oo such that
forallm € N

[ oy = ca
4
hence by monotonicity of u,, () (for the sake of definiteness, let 7 ()) do not decrease)
un() [ m()dy = s
4

and therefore,
Um(x)|A] inf v, (y) < cs.
yeA

But by virtue of Theorem 1.4.5 there is a constant ¢4 > 0 such that for some n; € N

. . h(tmy)
f — inf
Jnf vm(y) = Inf o
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for all m > m. The last two inequalities yield (1.5.29). Let

g(tmx)

Untdx) =500

dx, U(dx) = a(x) dx.

Then by (1.5.29)

g(tmx) 1 g(tmx)d Un(A) 1 (g(tmx)_g(lmy)) d

fCm) 1AL La fGom) 1Al 1Al 4 £ (Xm)

= 1 (Un ) = [ @ 010m )~ 0 )

< i (00 = [ @10 = im0 )

= i (U =m0 [ 1) = v )

<, SUp [V (1) = v (). (1.5.30)
IR

Therefore, by (1.5.28) and (1.5.30),

t U4
lim sup g,( mx) (—) =+ ¢ lim sup sup |v, (V) — v (X)].
m—00 f(xm) |A| m—>o00 yeAd

Passing to the limit as ¢ — 0 in the last inequality and recalling the asymptotic continuity
of the sequence of functions {v,,(y), m € N}, we obtain

hmsupg(m )< a(x).

m—>00 / m) N

Using lower bounds similar to (1.5.30) (provided that the set A is appropriately changed),
we arrive at

g(tmx)/ f (tmem) — a(x), m — 0. (1.5.31)
By (1.5.23) and the definition of the functions by, (x),
1= lim S (tme)

m—o00 f(tmem)

For x = e, from (1.5.31) with account for (1.5.32) we obtain

=al(e). (1.5.32)

g(tme) =
S (tmem) '

Butif v > 1, by virtue of (1.5.29) with x = ve, for m large enough

m — OQ.

g(tmem)
S (tmem)

= Um(em)Vm(em) = tm(ve)vm(em)

= um(ve)vm(ve) + um(ve)(vm(em) — vm(ve)

<um@e)vy(ve) + c2lvm(em) — vm(ve)l.
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Hence

limsup =—= 8 lmem) < f(ve) + cylimsup |vy, (em) — vm(ve)l;
m—00 f( meé m) m—>00

passing to the limit as v | 1 and recalling the asymptotic continuity of {v,(x), m € N},

we obtain

li g(tme m)
im sup 2~

m—>00 f(tmem) -
Using similar lower bounds, we see that, as m — oo,

gtmem)/ f(tmem) = g(xm)/ [ (Xm) — 1,
which contradicts (1.5.18). The theorem is proved. O

The following Abelian theorem is true.
THEOREM 1.5.5. For non-negative functions f(x) and g(x) defined in T, let there
exist their Laplace transforms f(A) and (1) for . € C,

J(x)/g(x) —>c¢
forsomec>0asx — oo, x €', and g(A) > occash — 0, A € C. Then
F(0)/80) — ¢
ash — 0, A eC.
PROOF. We assume that ¢ > 0. It is obvious that we may set ¢ = 1. For |x| > a, let
S (x) = g()(1 +8(x)),
where |§(x)| < e for |x| > a. Then for A € C
|F)/80) =11 = /() = g1/
_ U - g(x)e”*dx|

g
_ Jixiza/ () + g(x))e” 30l Sf.x|>ag(x)e—<“>dx
- gm) g

Since by the hypothesis g(A) — oo as A — 0, hence we obtain

limsup | f(ME(R) —1] <e,
A—0, AeC

which proves the theorem for ¢ > 0 because ¢ is arbitrary. The proof for ¢ = 0 is even more
simple. U

We write a(t) < b(t) ast — oo if

0 < lim mf
—>00

t—>oo ‘b()

The following theorem compares, roughly speaking, the asymptotic behaviour of a func-
tion and its Laplace transform.
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THEOREM 1.5.6. Let a function f(x) be weakly oscillating in T at infinity, and
ind— f > —n. Thenforall. € C ande € G ast — oo

FOJ0) = 1" f(te) = f(x)dx,
T(te)

r
where T'(x) = {y:y < x}.
PROOF. Without loss of generality we assume that || = 1 (Theorem 1.4.5). Since
ind— f > —n, by virtue of Corollary 1.4.4 there exista, § > —n, b > 0,¢ > 0, ¢o > 0 such

that inequalities (1.4.25) and (1.4.26) hold for ¢ > b. From these inequalities it follows that
fort > b

S .0 / —0u%)
dx < e M (x) dx, (1.5.33)
|, Fao A )
J) .0 / —0u%)
dx > e M ¥a(x)dx, (1.5.34)
|, Fao PR
where 4, = {x:x €T, |x| = b/t},
clx|®, |x| =1, colx|®, |x|>1,
oy = [P o) = {eobl® 1
clx|*, b/t =< |x| =1, colx|P, b/t < x| < 1.
Since ind— f > —n, we see that " f(te) — oo as t — oo. Therefore,
FO/D _ [ 1) 1) g / FO) —osew
Hdx = Vdx + EEACCI SOp
o fe) e fao)f i S0 iz 1" (te) g
JS(tx) o=
dx + o(1), t — oo.
/A, f(fe)

(1.5.35)

From (1.5.33), (1.5.34), and (1.5.35) it follows that f(k/t) = 1" f(te) as t — oo. Similar
reasoning yields

l”f(te)xﬁ(t)f(x)dx, t — oo.
O

Let us give one more Tauberian theorem for double sequences which will be used below
in studies of some classes of random permutations. Other results in this field can be found
in (Alpar, 1976; Alpar, 1984; Omey, 1989; Omey, Willekens, 1989).

THEOREM 1.5.7. Forall u,v € (0, 1), let the function

A(u,v) = Z m*La(m, n)u™v"

m,n=0
be finite, « > 1, a(m,n) > 0, and

A e [r (1) = AT T (@) (y) (1.5.36)
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ast — oo forany A, u > 0, where y > 0, r(t) is some positive function of variable t, T'(-)
is the Euler gamma function. If a(m, n) is monotone in m and

1
a(m,n) —a(m,l) ZO(Za(m,i)/n) (1.5.37)

i=0
asn — oo, m=xn, I >n,1—n= o), then
a(tx,ty) ~ r(t)7eyr—1
ast — oo for any x, y > 0; for non-integer u, v, we set a(u, v) = a([u], [v]).
PROOF. As follows from (1.5.36) and Theorem 1.3.3, for any x, y > 0 ast — oo

[tx] [ty]

> i ati ) ~ r0xy fay. (1.5.38)

i=0 j=0
Therefore, forany ¢ > 0,x >0,y > 0ast — oo

[tx(1+e)] [ty]

D > Y i, J)—>—((1+g)“— 1). (1.5.39)

i=[tx]+1j=0

For the sake of definiteness, we assume that a(m, n) does not increase in m. The expression
in the left-hand side of (1.5.39) does not exceed

[ty]
WO 1 4 e Y atm ),
10 Z
where m = [tx]. Therefore,
[ty] a
uHong(m(l +e)* Y am, j) = iy(a Fo%—1). (1.5.40)

j=0
Since, as t — o0,
[tx (1 + &)] = [txDex (1 + €)% ~ txe(tx (1 + €)% ! ~ e(tx)*(1 4+ )% 1,

from (1.5.40) we obtain

[ty] v o
1 -1
lim inf E a(m, )t*/r) = »i+e
—>00

a—1"
= ay e(l1+¢)

If ¢ in the right-hand side of the obtained inequality tends to zero, we find that

[ty]

. . -\ o > Y
htrgloréf%a(md)l [r@) = yY/y.
=
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Summing over i from [tx (1 — ¢)] to [tx], we similarly find that

[yl
limsupZa(WZ,j)la/V(l) =y"/y.
r—>o00
j=0

From the last two inequalities it follows that

[ty]
> a(m, /ety >y [y, t— oo, (1.5.41)
j=0
which yields for any § € (0, 1)
[ty] p¥
Y am. e r() > —(1—(1-5)). (1.5.42)
J=lty(1-8)] Y

We take an arbitrary ¢ > 0 and choose §, #o in such a way that

la(m., j) —a(m,n)| < & a(m.k)/n

k=0
fort > tp and |j — [ty]) < 8ty + 1 where n = [ty]. Then

a(m,n) <a(m, j)+e¢ Za(m,k)/n
k=0

forall j:[ty(1 —8)] < j <[ty]andt > ty; hence for M = [ty] — [ty (1 — §)] we obtain

n n

eM
- . eM .
a(m,n)M < Z aim, j)+ p Za(m,]),
j=lty(1-8) Jj=0
or
1 " £ —
amm) < - Y alm.j)+ =3 am,j).
Jj=lty(1-9)] j=0
With the use of (1.5.41), (1.5.42), hence we obtain
, (e 1 v y
=00 r(1) 8y v
Since ¢, § are arbitrary, we find that
, t1+a
hmsupw < yV—1.
t—>00 r(t)

Using similar lower bounds, we see that there exists
a(m,n)t'+e

t—>00 r([)

y—1

The theorem is thus proved. O
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THEOREM 1.5.8. Let the function A(u, v) be the same as in Theorem 1.5.7, let (1.5.36)
hold, a(m, n) be monotone in m, and let

)
a(m,n) —a(m,l) =0 (Za(m,i)/n)

i=0
asn—oo,mx=nl>n,1—n=o(n). Then
a(m.n) = O(r(n)/n'*%)

asn — oo andm < n.

The proof of this theorem repeats the above reasoning word for word.
While studying branching processes, we will also use the following Tauberian theorem.

THEOREM 1.5.9. Let afunction r(t) be regularly varying at infinity with indexy > —n,
a function f(x) be measurable and non-negative in T' and r-slowly varying at infinity in G
(see Definition 1.4.5), and let f(A) < oo forall A € C. If

FOS0/ 1" (1) = ¥ (h) < o0

ast — oo for some solid cone Cy < C and all A € Cy, then

J@x)/r(t) = ¢(x) < o0

ast — oo for all x € G. Furthermore, there exists a measure ® on I such that ¢ is its

density in G and D(L) = ¥()), VA € C.

The proof of this theorem repeats the proof of the third assertion of Theorem 1.3.4 word
for word.

1.6. One-dimensional Tauberian theorems

Let functions f'(¢) and g(¢) be defined and positive for t > a > 0. We write

f) = g() (1.6.1)

as t — oo if for any ¢ there exists 6o € (0, 1) such that for any § € (0, §¢) there is 7y > 0
such that for ¢ > ¢, the inequalities

(I-e)g(t(148) = f(1) = (1 +e)g(t(1-9))

hold. In the case where (1.6.1) holds, we say that the functions f and g are weakly equival-
ent at infinity. It is clear that if g(¢) is weakly oscillating at infinity (see Definition 1.4.4),
then (1.6.1) implies the ordinary equivalence of f(¢) and g(¢) at infinity:

SO ~g@), 1= o0,

thatis, f(¢)/g(t) — last — oo.
First we prove the following Tauberian theorem.
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THEOREM 1.6.1. Fort > 0, let functions a;(t) > 0, b;(t) > 0,1 = 1,2, be given, let
aq(t), b1(t) do not increase, and a,(t), b,(t) be weakly oscillating at infinity. Let

a(t) = ar(V)az(t), b(t) = b1()b2(1),
t t

A(t)=f a(u) du B(t)=/ b(u)du, t>0.
0 0

Ifa(t) ~ b(t) ast — 04, and for all . € (0,1)
limsup B(At)/B(t) < 1, (1.6.2)
—>00

then
a(t) ~ b@t), t— oo.

This Tauberian theorem, as well as two below, can be referred to as comparison theor-
ems, because they compare the asymptotic behaviour at infinity of two functions and their
Laplace transforms. Tauberian theorems of such type were also proved in (Stadtmiiller,
Trautner, 1979; Stadtmiiller, Trautner, 1981; Stadtmiiller, 1983; Omey, 1985b; Mikhalin,
1985). The proof of Theorem 1.6.1 is based on the following two lemmas.

LEMMA 1.6.1. Let a function f(t) defined fort > 0 be weakly oscillating at infinity
and locally integrable on [0, 00). Then the function

t
Fo = [ fwdu
0
is weakly oscillating at infinity as well.
LEMMA 1.6.2. Let ,
£ = [ st dnto
0

where the function g(t) > 0 does not increase, and let the function h(t) > 0 do not decrease
and be weakly oscillating at infinity. Then f(t) is weakly oscillating at infinity.

PROOF OF LEMMA 1.6.1. Fort > A > 0 the inequalities

o< ot S du— [y fwdu _ [ f () du
N Jo S @) du T [ S du
< A SUPye[z,2¢] Sw)/f() N
T t/2infyep 2, S W)/ f(2)

are true as t — 00, and A = o(¢) by virtue of Theorem 1.4.5. The lemma is proved. O

PROOF OF LEMMA 1.6.2. Let A > 0. Then the inequalities

S+ = f@) [ gl dhiu)

T SO g dh)
+A
< g(l)ftt , dh(u) _ h(t + A) —h(z) — o(1)
¢ (t) fu dh(u) () — h(0)

are true as t — 00, and A /¢t — 0. The lemma is proved. O
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PROOF OF THEOREM 1.6.1. By virtue of Lemmas 1.6.1 and 1.6.2, the function B(¢) is
weakly oscillating at infinity. Therefore, by virtue of Theorem 1.5.4, as t — oo

A(t) ~ B(2). (1.6.3)

We fix an arbitrary A € (0, 1). By virtue of (1.6.2), there are fy, co > 0 such that forz > ¢,

A@) = AG) ‘ -, ‘A(z) — B(t) + B(At) — A(M1)

B(t) — B(A1) B()
4@ |AGh) | B@A)
<ol 1| o 5@ -1 F5 =0
as t — oo by virtue of (1.6.3). Therefore, for any A € (0,1) as ¢t — oo
t t
/ a(u) du ~ / b(u) du. (1.6.4)
At At

We take an arbitrary ¢ > 0. Since the functions a,(¢) and b,(¢) are weakly oscillating at
infinity, there are #; > 0 and §; € (0, 1) such that forallz > #;, § € (0,681), and u € [ct,]
with ¢ = 1 — § the inequalities

as(u) 1 ba(u)
o0 — Tt hen - 1ta (1.6:5)

are true, where ¢; = (1 4+ &)'/3 — 1. We take an arbitrary § € (0, 8;). By virtue of (1.6.4),
for it there exists 7, > f; such that forz > ¢,

/ta(u) du < (1 + 81)/tb(u) du.

Due to monotonicity of a; (¢) and b1 (¢), hence it follows that for ¢ > ¢,

al(t)[ ar(u)du < (1 +81)b1(ct)/ by (u) du.

From (1.6.5) and the last inequality we find that forz > #,

@Oaxl) _ o2 enbaten),
1+ &
hence
a(t) < (1 + &)b((1 — 8)1) (1.6.6)

fort > t,. Since A(t) ~ B(t) ast — oo, by the same token for an arbitrary &, > 0 there
exists 85 € (0,1 — (1 + 81)™") such that for any 83 € (0, §,) there exists 3 > #, such that
forany 7 > 13

b(r) = (1 + &2)a((1 —83)7). (1.6.7)
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In (1.6.7), let

ea=0—-87" &=1-01+8" = s =1(1+9).
Then (1.6.7) takes the form
b(t(1+8)) < (1—e) " a(),
or, what is the same,
(1—¢e)b((1+8)) <a(r) (1.6.8)

fort > t3(1 — 63) = t3/(1 + 8). From (1.6.6) and (1.6.7) it follows that for ¢ >

max(z2, t3/(1 + §)) the inequalities
(1=8)b(t(1+68) <a(@) =1 +e)b({(1-95)1)
are true. The theorem is proved. |
As a corollary to Theorem 1.6.1, we derive the following Tauberian theorem.
THEOREM 1.6.2. Let functions f(t) and g(t) be positive, not increasing,

limsup g(¢)/g(2t) < oo, (1.6.9)
t—>00

and let there exist M such that for any fixed n > M

d" d"

/) =1+ o)

g, Ao, (1.6.10)

Then
fRg), t—oo.

REMARK 1.6.1. In view of monotonicity of ¢(¢), from (1.6.9) it follows that for all

A>0 N N
t t
0< liminfq( ) < limsupM < 00,

100 q(t 100 ()
that is, the function ¢(¢) is RO-varying at infinity (see the beginning of the proof of The-
orem 1.4.6). The monotone functions which possess this property are known as dominatedly
varying at infinity (Seneta, 1976, A.3).

PROOF. By virtue of (1.6.9) and Theorem A.2 in (Seneta, 1976), there exists n > M
such that

(1.6.11)

For this n, we set

t
a@®) =t"f(t), b(@)=1t"g(k), B() :/0 b(u)du.
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For any fixed ¢ € (0, 1),

B() = Blct) _ [pu"gw)du _ g(t) [ u"du
B(?) B fot ug(u)du f(: ug(u)du’

From (1.6.11) and the last inequalities we obtain

B(t) — B(c
lim infM > 0,
t—00 B([)

which yields (1.6.2). Therefore, by (1.6.10), all hypotheses of Theorem 1.6.1 are satisfied.
By virtue of this theorem,

")~ g (), t — oo,

hence we obtain
SO R, 1o
The theorem is proved. O

THEOREM 1.6.3. Let a function g(t) do not increase, let inequality (1.6.9) hold, let a
Sfunction f(t) be differentiable for sufficiently large t, and

[0 =0@n/n., o (1.6.12)
If there exists M such that for any fixedn > M

dn
din

dn
din

f(k)=0(‘ §(A)D, 240, (1.6.13)

then as t — 0o
J(1) = o(g(1)).
PROOF. Letn > —ind_ g — 1 (see Remark 1.4.4). By virtue of Theorem 1.5.6,
Tug(1/n) = "F'g@), 100,

where T, g(t) = t"g(¢). Hence, by (1.6.13),

T./(1/0) = 0" 'g@). 1 oo,
which is equivalent to the relation

)

/(; e X" f(tx)dx = o(g(2)), t — 00.

Since t"T1g(t) — oo ast — o00), forany b > 0 we see that

_ e —X nf(tx) _ N
1 —/b/te X —g(t) dx = o(1), t 00.
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By the theorem of mean value, according to (1.6.12) b > 0 can be chosen so that for t > b
the inequalities

|/ (1x) = f@)] = colx = 1)g (1), x =1,
|/(tx) = f(O = col =x)gtx)/x, b/t =x =1,

hold, where ¢ is a constant. By these inequalities,

o0 1
12| < co / e_xx”(x—l)dx+/ NG
! b/t g(t)

I By () AU
Iz_/b/ze * g(t) dx.

Hence it follows that I, = O(1) as t — oo. Therefore,

where

/ e_xx”&dx =1L —-1,=0(), t — 00,
b/t g@)

hence we obtain f(t) = O(g(t)) ast — oo. Since n + ind— g > 0, b > 0 can be chosen
so that fort > b

S(@0) = cg() (1.6.14)
and

g(tx) < xP
g(t) —

where ¢, ¢ are some positive constants and 8 + n > 0 (see Corollary 1.4.4 and Re-
mark 1.4.4). We consider the family of functions f;(x) = x" f(tx)/g(t), x > b/t,

fi(x) = 0, x < b/t, fort > b. We check whether the hypotheses of Theorem 1.5.2
are satisfied or not.

b/t <x =<1, (1.6.15)

1.Ast — oo, x; — x > 0,

Ji(xo) = fi(x) = x7 f(tx0) /g () — x" f(1x)/ g (0)

_ fax), , n x"

= L =)+ () = f0)
_0Ggx)) 00, -
=720 o(1) + 20) (tx; —1x)O(g (@) /1) = o(1)

by (1.6.9), (1.6.12), and (1.6.14). The family of functions { f;(x),t > b} is hence asymp-
totically continuous as ¢ — 00.

2. By (1.6.14) and (1.6.15), fort > b

Ji(x) < ex"g(1x)/g (1) < ¢(x),
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where

(x) = crex™, x>1,
P = crex™P b/t <x<1.

Since n + B > 0, p(A) < oo for any A > 0.
3. Since t"T1g(t) — oo ast — oo, by (1.6.13)

fboo X" f(tx)e M dx _ fbo/ot e dy

70—
/i 20) TP
T,.f(A/1) + 01 Tog(h/t
— M =o(1) + 0(1)M =o(1)
l”'Hg(Z) ln-Hg(t)
as t — oo for any fixed A > 0. The hypotheses of Theorem 1.5.2 are thus satisfied, and the
proof is complete. O

REMARK 1.6.2. As follows from the proof, in order for Theorem 1.6.3 be true it is
sufficient that (1.6.12) is true and (1.6.13) is true for some n > —ind_ g.

The Tauberian theorem below extends the well-known Tauberian theorem for power
series (Feller, 1966, Section XIII.5, Theorem 5). A Tauberian theorem for asymptotic ex-
pansions of generating functions is obtained in (Vatutin, 1977c).

THEOREM 1.6.4. Let a sequence q, > 0 do not increase and

g(s) =) qrs”.
k=0
If

dm a 1
for some m € N, a > 0, and a slowly varying at infinity function L(t), then, as n — 00,
Gn ~ n* 1 L)/ T (). (1.6.17)
PROOF. From (1.6.16) and Theorem 5 in (Feller, 1966, Section XIII.5) it follows that,
asn — oo,

> g ~ n*L(n)/ T(e + 1). (1.6.18)
k=0

where il = k(k — 1)---(k —m + 1). Hence it follows that for any fixed A € (0, 1) as
n— 0o

> kMg ~ (1= L(n)/ (e + 1). (1.6.19)
k=[An]+1
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From (1.6.19) and the inequality

g - < 3 Ky
k=[An]+1

we obtain
lim su g < -2 lim su il = -2
ool W% L(1) ~ T(a + 1) mosoot ot — pn])  T(a + HAmS’
where § = 1 — A. We observe that
1 —AY 1= =06)"
lim——— =«

;
510 A8 sj0 8

Hence

nm+1

i dn _ o 1
imsu = .
n_mop n*Ln) ~ T'la+1) T(w)

From (1.6.18) it follows that for fixed A > 1, as n — oo,

(1.6.20)

[An]
> kg ~ (= 1Dn®L(n)/ T(a + 1).
k=n+1
The inequality
[An]
> Kl < qalrnP(An) - n)
k=n+1
is true. Therefore,
nm+1 A% — nm+1 A% —1

liminf 22— > lim inf = ,

n>oo n®L(n) ~ T(x+ 1) n>oo [Anm([An]—n) T(a+ 1)A™S
where § = A — 1. Upon passing in the last inequality to the limit as § | 0, we obtain
m+1 1
minf 2 > %
n—oo n®L(n) ~ T(a+1) T(x)

From (1.6.20) and (1.6.21) it follows that there exists

(1.6.21)

(]nl’lm+1 1

li =,
nor 00 n*Ln) T(x)

which is equivalent to (1.6.17). The theorem is thus proved. O

THEOREM 1.6.5. Let functions a(t) and b(t) be measurable and non-negative for
t > 0; for A > 0 let them possess the Laplace transforms a(X), b(1); let there be s > 0
such that the function b(t) does not increase for t > s and dominatedly varies at infinity:

, b(1) -
1m su o0,
el (21

(1.6.22)
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fory = x,y =x+ o(x) let

fim sup 20 40 _ (1.6.23)

X—>00 b(x)
If there exists M € N such that foranyn > M as A | 0

n dn ~
alh) = (1 1))—>b(A 1.6.24
S0 = (14 0(D) b (), (1624

then

a(t) ~ b@t), t— oo. (1.6.25)

PROOF. Since the function b(¢) is dominatedly varying at infinity ((1.6.22) holds), by
virtue of Theorem A.2 in (Seneta, 1976) there exists M| > M such that for any fixed
n 2 M, 1

, o u"b(u) du
| = 1.6.26
PN (1620
Hence it follows that for such n and any A € (0, 1)

L Ba)
1m su
v, Ba(l)

1, (1.6.27)

where ,
B, (1) = / u"b(u) du.
0
It is easily seen, indeed, that (1.6.27) is equivalent to the relation

t
"b(u)d
lim sup M >

L 0, (1.6.28)
t—o0  [oub(u)du

and (1.6.28), in its turn, follows from (1.6.26) because b(¢) does not increase. Furthermore,
by virtue of Lemma 1.6.2, the function B, (¢) is weakly oscillating at infinity (see Defini-
tion 1.4.4). Therefore, from Theorem 1.5.4 and relation (1.6.24) it follows that for any fixed
n>M

Auy(t) = (1 + 0o(1))By(2), t — oo, (1.6.29)
where ,
An(t) =/ u"a(u) du.
0
We fix an arbitrary A € (0, 1). In view of (1.6.27), there exist ¢y, co > 0 such that for ¢ > 7,

An(t)_An(tk)_ ‘< |An(t)_Bn(t)'i‘Bn(l)\)_An(t)‘”

Ball) — Balih) Ba0)
An(t) Ani) | Bath)
<< Bn(z)_1’+c° Bnax)_l’ By W
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as t — oo by virtue of (1.6.29). So, for any fixed A € (0,1) as ¢t — oo

/t u"a(u)du = (1 + o(1)) /t u"b(u) du. (1.6.30)
tA tA

We fix arbitrary ¢, § € (0, 1). By virtue of (1.6.22), there exist xo > 2s and ¢ > 0 such that
for x > xq

b(x) < ch(2x). (1.6.31)
We set
. (e e
&1 = min (5 I —l—c)' (1.6.32)

From (1.6.23) it follows that there exist 6; € (0,6) and x; > x¢ such that for any x > x;
and y € [x, x(1 + &1)] the inequality

a(y)—a(x) < e1b(x) (1.6.33)

is true. From (1.6.30) it follows that as x — oo

x(14871) x(1+381)
/ u"a(u)du = (1 + 0(1))/ u"b(u) du. (1.6.34)

According to (1.6.34), there exists x, > x; such that for any x > x,

x(1487) x(1461)
/ yia(y)dy = (1 - 81)/ V'b(y)dy. (1.6.35)
X pe

From (1.6.33) and (1.6.35) it follows that for x > x;

x(1481) x(1+381)

y'a(y)dy = / Y'b(y)dy,

X

x(148)
[ (@) + £16() " dy > /

X
so that

1(1+81)"+1—1
n—+1

. (1 + 51)n+1 _

1
> (l—gl)x"+ P b(x(1+ 6y1)),

(a(x) + e1b(x)x"*

hence we obtain
a(x) +e1b(x) = b(x(1 +61))(1 —&1).

By virtue of (1.6.31) and monotonicity of b(x), for x > x; the last inequality yields
a(x) + ce1b(x(1+681)) = a(x) + e1b(x) = (1 — )b (x(1 + 81)),
hence it follows that

a(x) = (1 —e)b(x(1 +681)) — cerb(x(1 + 81)),
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then
a(x) > (1 —(c+ Dey)b(x(1 + 61)) Vx > x;. (1.6.36)

By virtue of (1.6.23), there exist 6, € (0,8), 6 < 1/2, and x3 > X, such that for any
y=x3andx €[y, y/(1-46)]

a(x) —a(y) = e1b(y),
which yields
a(y) > a(x) —e1b(y) > a(x) — e1b(x(1 — 8)). (1.6.37)

In view of (1.6.30), there exists x4 > x3 such that for x > x4

X

pe
f Via(y)dy = (1+ 81)/ Vb (y)dy. (1.6.38)
x(1-85) x(1-82)

From (1.6.37) and (1.6.38) we find that for x > x4

/ (@) — e1b((1 = 8)x)) dy < / Va(y) dy

(1-82) x(1-82)

X
<+ 81)/ Y'b(y)dy,
x(1-82)

hence, due to monotonicity of b(x), we obtain
a(x) —e1b((1 =82)x) = (1 +e)b((1 —82)x),
which yields
a(x) < (1 +2e)b(x(1—382)) (1.6.39)
for x > x4. From relations (1.6.32), (1.6.36), and (1.6.39) it follows that for x > x4
(1 —e)b(x(1 +81) <a(x) <1+ e)b(x(1—35)). (1.6.40)

We set x5 = max(xy4,s/(l — 8)). Because of monotonicity of b(x), (1.6.40) implies that
for x > x5

(I =8)b(x(1+0)) <a(x) = (1 +e)b(x(1-179)).

The theorem is thus proved. O

Theorems 1.6.1, 1.6.2, 1.6.3, 1.6.5 are commonly referred to as comparison theorems
(Vladimirov et al., 1988) because they compare asymptotic behaviour of two functions.
Tauberian theorems for dominatedly varying functions of ordinary type, that is, theorems
where the asymptotic behaviour of a function is compared with that of its Laplace transform
can be found in (Embrechts, 1978; de Haan, 1976; de Haan, Stadtmiiller, 1985; Rogozin,
2002a; Rogozin, 2002b).
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Let us prove one more Tauberian theorem for the Stieltjes transforms. Let a function
f(x):Ry — Ry, Ry = {x:x € R!, x > 0}, be weakly oscillating at infinity (see
Definition 1.4.4). What this means in the case of one variable is that f(y)/f(x) — 1 as
X — 00, ¥ = X 4+o0(x). By assertion 2 of Theorem 1.4.6, the function f(x) for some s > 0
admits the representation

f(x) =exp (n(x) + /X @dl) , Vx >, (1.6.41)

where the functions n(x) and &(x) are measurable and bounded on [s, c0).
We fix some / > 0. The Stieltjes transform of the function f(x) on R4 denoted f(A) is

* f(x)dx
(A +x)!
(provided that the integral exists for A > 0). Let us prove the following Tauberian theorem.

THEOREM 1.6.6. Let a function f(x) be weakly oscillating at infinity, and let g(x) =
r(x)h(x), x € Ry, where r(x) is non-negative and monotone for x € R and the function
h(x) is weakly oscillating at infinity. We assume that some representation of f(x) in the
form (1.6.41) obeys the inequalities

fo)=

-1< ir;f e(x) <supe(x) </l—1 (1.6.42)
and, as .. — oo,
g =1+ 0(1))f(k). (1.6.43)
Then, as x — o0,
g(x) =1 +o0(1)) f(x). (1.6.44)

Theorem 1.6.6 generalises the corresponding assertions of (Keldysh, 1973; Matsaev,
Palant, 1977); see also the book (Kostyuchenko, Sargsyan, 1979, Chapter X). The key dif-
ference of Theorem 1.6.6 from the preceding results consists of omitting the requirement
that the functions f(x) and g(x) must be monotone. Theorem 1.6.6 is proved with the use
of some assertions of Sections 1.4 and 1.5. As concerns other results in this field, we point
out the book (Pilipovic et al., 1990) and papers (Belogrud, 1974; Sultanaev, 1974; Nikoli¢-
Despotovié, Pilipovi¢, 1986; Selander, 1963; Stankovié, 1985b).

In order to prove Theorem 1.6.6, we make use of two lemmas given below.

LEMMA 1.6.3. Let a function f(x) be weakly oscillating at infinity, and g(x) =
r(x)h(x), x € Ry, where r(x) is non-negative and monotone for x € Ry, while the
Sfunction h(x) is weakly oscillating at infinity. We assume that some representation of f(x)
in the form (1.6.41) obeys the inequality

ir;f e(x) > —1
and, as X | 0, R
g) = (1 +o(1)) f ().

Then, as x — 00,

gx) = (1 +0(1))f(x).
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Lemma 1.6.3 follows from Theorem 1.5.4.

We say that a function a(x) defined in R is weakly oscillating at zero if the function
a(1/x) is weakly oscillating at infinity.

If a function a(x) is weakly oscillating at zero, then from relation (1.6.41) it follows that
the representation

a(x) = exp (w(X) + /,, I'/fiu)afu) (1.6.45)

is true for all x € (0, p] with some p > 0, where the functions w(x) and ¥ (x) are defined,
bounded, and measurable for x € (0, p].

LEMMA 1.6.4. Lera(x) = x*ai(x) > 0, b(x) = x*b(x) > 0, x € Ry, where a;(x)
and by (x) are decreasing functions on Ry, k > —1, let the function a(x) be weakly oscil-
lating at zero, and let some representation of a(x) in the form (1.6.45) obey the inequality

sup ¥(u) < 1.
0<uzp
If,as y — +oo,
a(y) = (1 +o(1)b(»), (1.6.46)
then, as x | 0,
a(x) = (14 o(1)b(x). (1.6.47)

PROOF OF LEMMA 1.6.4. We assume the contrary, that is, for some sequence {X,
m € N}, X,y | 0asm — oo, let

b(xm)
a(xm)

—c #1, ¢ €[0,00). (1.6.48)

For A > 0 we see that

a(xmx)

—Ax
i) e Mdx. (1.6.49)

wwm=£€wwmw@=mmwﬁ

We observe that the sequence

a(xmx)

a(xm) '

is asymptotically continuous on R. It is easy to see, indeed, thatas m — oo, y — x > 0

Jm(x) =

X€R+,

Fin(x) = fin(y) = a(xmx) —a(xmy) _ a(xmx) (1 . a(xmy)) = o(1),

a(xm) - a(xm) a(xmx)
because

RIC))
a(xXmx)

-0, m—>o00, y—>x>0,
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by the definition of a weakly oscillating function, and, as follows from representation
(1.6.45),

a(xmx)

a(xm)
as m — oo provided x > 0 is fixed. Further, for ¢t < p, there exists a constant ¢; < oo such
that by (1.6.45)

= 0(1)

a(ix) = exp (w(tx) —w(t) + /t v dv)
t

a(t) x v

ax® 1<x<p/t,

< = 1.6.50
=< p(x) {clxﬁ, 0<x<l. ( )
where
a= sup (—¥(v)), B =— sup ¥(v).
0<v=<p O<v=p
We set

Sm(x), X = p/xm,

gm(x) = {0, X > p/Xm.

Since the sequence { f,(x), m € N} is asymptotically continuous on R, so is the sequence
{gm(x), m € N}. By virtue of Theorem 1.4.1, without loss of generality we can assume
that for some continuous function f(x) on R4+

gm(x) = f(x),  m— oo, (1.6.51)
for any x > 0. From (1.6.50) and the definition of the functions g, (x) it follows that
gm(x) = ¢(x) (1.6.52)
for m € N and x > 0. In addition,
P(A) < o0 (1.6.53)
for all A > 0 because by the hypothesis of the lemma

B=— sup ¥(v)>-—1.

O<v=<p

From (1.6.51), (1.6.52), and (1.6.53), with the use of the Lebesgue theorem we find that for
allA >0

Em(h) = f(A) <00,  m — oco. (1.6.54)

Further, for A > 0

o0 % L (1)e=Av/xm g
/ AXmY) ax g = g + Jy_ e Y (1.6.55)
0

a(xm) Xma(Xm)
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By (1.6.45), for x € (0, p] and some constant ¢, > 0
a(x) > cax?,
where

y =— inf ¥(v).

O<v=p

From (1.6.56) it follows that

fpoo a(y)e_)‘y/x’" dy _ e—)»p/(me) fpoo a(y)e—l)’/(me)dy

Xm@(Xm)

—A /( Xm)
(7) o) = o(1)

Xma(Xm)

Xma(Xm)

as m — oo. Taking (1.6.54) into account, from (1.6.55) we obtain

/00 HXmX) e M dx - f(k).
0

a(xm)

We observe that for A > 0

Z;(k/xm) = xma(xm) /000 %e‘“d}c.

By virtue of (1.6.46), (1.6.49), (1.6.57), and (1.6.58), as m — oo we obtain

f bOmX) gy & 7y VA 0.
0

a(xm)
By virtue of the continuity theorem for Laplace transforms (Theorem 1.3.2),

/A bOmx) 4, /A f(x)dx

a(xm)

65

(1.6.56)

(1.6.57)

(1.6.58)

(1.6.59)

(1.6.60)

for any interval A € R4. We fix some § € (0, 1). Let us demonstrate that for some constant

¢3 < oo and all m € N the bound

bl(xm) <
ay(xm) —

(1.6.61)

holds true. It is easy to see, indeed, that, by (1.6.60), there exists a constant ¢4 < co such

that for all m € N

1 1 k
/ b(xmx)dY _ / b1(xmx)x dx < cs.
1 1

-5 a(xm) ) s ai(xm)
which implies that
bl (xm) !

xkdx < Ca,
ay(xm) Ji—s
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1
3 = C4 / xkdx .
1-8
‘We observe that

Mmy_l1bumdzl(fzmm—wmmw+/‘wmmm)
1 1

aGem) 8 Jisata 8 \Jiis T aGem) s aCom)

_ L[ bm) " bi(xm) — b (xmx)xF
‘S(Lﬁam)”+[4 a1 Com) ”)

1 1
S;U‘Mmmm+mm» U_ﬁwg
1

that is, (1.6.61) holds with

) —§ a(xm) ai (xm) 1-§
. l 1 b(xmx)d k+1)5—(0-0 —8)"“) b1(xm)
T8 )il atem) (k + 1)8 @ (om)”

(1.6.62)

From (1.6.60), (1.6.61), and (1.6.62) it follows that

. b(xm) 1 ! (k + 1§ — (1 — (1 =8kt
limsup —— < — x)dx +c
P am) = 8 Jiy T (k+ Do
If § tends to zero in the right-hand side of this inequality, taking into account the continuity

of f(x) we obtain

lim sup b(xm) < f(1).

m—00 a(xm) -
In the same way, with the use of integration from 1 to 1 + §, we arrive at

liminfM > f(1).

m—00 a(Xpm)

Thus, there exists
b
lim 20m) ).
%0 a(Xm)

Recalling (1.6.51) and the definition of the functions g,,(x), we conclude that

S =1
Thus,
b(xm)
— 1, m — oo.
a(xm)
The last relation contradicts (1.6.48), which proves the lemma. O

PROOF OF THEOREM 1.6.6. Let us prove that for some p < 1/s and A € (0, p] the
transform f'(A) admits the representation

R 1/A
) = %exp (/1/ @dl + E()»)) , (1.6.63)
p
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where &(t) is the function from representation (1.6.41) of f(x) and &(X) is bounded for
A € (0, 1/ p]. We supplement the definition of e(x) and n(x) with identical zero for x < s.
Since

inf e(x) > —1,

x=s

we see that f(k) — oo as A | 0. Therefore, as A | 0,

f(A):/ooe—“exp(n(x)Jr/x e, )d +0()

=0+ 0(1))/ * exp (n(x) +f ?dr) dx.

So, it suffices to obtain a similar representation of

* —Ax * (1)
e “exp|nx)+ —dt dx.
0 0
‘We observe that

[ ven{ans [ P [ oo [ )
- %exp (/IM @dz) 100),
0

)= [T even(n(f) 4 [ )

In order to prove (1.6.63), it suffices to demonstrate that there exist constants cq, ¢; such
that

where

0<c1 <IA) << (1.6.64)

for A € (0, 1/s]. We represent the integral /(A) as the sum of the integrals 7; (A) and I(})
over u from 0 to 1 and from 1 to oo, respectively:

I = L) + L. (1.6.65)

For A € (0, 1/s] we obtain

1 1/A 1
IL(A) = /0 e "exp (n (%) _//A E(l—[)dt> du < 603/0 exp(—a(—Inu)) du,

where
¢3 = sup n(v), o = inf e(?).
t=s

v=0
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Therefore, for A € (0, 1/s]

1 €3
ILi(A) < ec3/ u®du = , (1.6.66)
0 o+ 1
because o > —1 by inequalities (1.6.42). Furthermore,
o0 u ufh &(1)
L) = u — —dt|d
2(2) fleemn(k)Jr/IA ; u
/
o0 o0
<e% / e “exp(Blnu)du = e f e “uldu < oo, (1.6.67)
1 1
where
B = supe(z).
t=s
In addition,
1 1
Ii(A) = ec“/ e “exp(—B(—=1Inu))du = ec“/ e “uPdu > 0, (1.6.68)
0 0
o0 o0
L(A) > e‘"‘/ e “exp(alnu)du = ec“/ e “u®*du > 0, (1.6.69)
1 1

where
¢4 = inf n(v).
v=0

Bound (1.6.64) follows from relations (1.6.65)—(1.6.69). Next, let us demonstrate that f )
is weakly oscillating at zero. Let ., A | 0, u/A — 1. Then

o "= [
— 1o [ e p (L) du

. o0 L
= (1+o(1)) (f(u) + fo e f (u) (1 _/ f(é, ;‘)) du) :

So, it suffices to show that,as A, u | 0, A/ — 1,

/ ™ e pay (1= 289 g = o) (1.6:70)
0 /)

First, we see that, as A, i | 0, A/ — 1, for any fixed ¢ > 0

t . f(ﬁu) B t o t o M
/Oeuf(“)<1— J,.(Au))du—/oe”f(u)du—/oe"f<xu)du
= 0(1) = o(f (). (1.6.71)
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We fix an arbitrary ¢ > 0, and for this ¢ choose > 0 and § > 0 in such a way that the
inequality

/(5u)
S (u)
holds true for # > ¢ and |;/A — 1| < 6. Then (1.6.71) and (1.6.72) yield

limsup —

* - /(§u)
wu _ du —
b0 /u—1 (1) /0 < (1 fw )™

Since ¢ is an arbitrary positive number, (1.6.70) now follows from the last inequality. As
we know (Seneta, 1976, Theorem 2.5), a Stieltjes transform is a double Laplace transform,
namely, for A > 0

<e (1.6.72)

<e¢

o) = / ooa(x)e”‘)‘dx, T = / oob(x)e”‘}‘dx, (1.6.73)
0 0
where

a(x) = x'7' f(x)/ T(), b(x) = x7'g(x)/ T (). (1.6.74)

As we have seen, f (x) weakly oscillates at zero, hence so does the function a(x), and from
(1.6.63) it now follows that for x € (0, 1/ p]

/x
a(x) = x'%exp (/1 @dt +&(x)—1In F(l))
1

/p L

=x'"2exp (/p s(lu/u) du +£(x) —In F(l))

= exp (/p Wi“) du + a)(x)) ,

v(x)=2-14¢e(l/x), ox)=&(x)—InT()+2—-1Inp.
By (1.6.42),

where

sup Y(x)=2—-I1+4+ sup e(1/x) < 1.

0<x=<p 0<x=<p

Making use of Lemma 1.6.4, we see that, as x | 0,
a(x) = (1 +o(1)b(x).

which, with account for (1.6.74), implies that, as x | 0,
J() = (1+0(1)F(x).

From the last relation and Lemma 1.6.3 it follows that, as x — oo,
S(x) =1 +o(1)g(x).

which completes the proof of the theorem. O
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1.7. Tauberian theorems of Drozhzhinov-Zavyalov type

In this section, using an n-faced cone as an example, we formulate a multidimensional
Abelian theorem and three multidimensional Tauberian theorems proved by Yu. N. Drozh-
zhinov and B. I. Zavyalov. Such a contraction of the class of cones is due to two reasons.
First, we believe that n-faced cones, particularly octants, will find widespread application
in probability theory. Out of three probabilistic applications of multidimensional Tauberian
theorems, two are obtained for n-faced cones (see Chapters 2 and 3). Only one of them
concerns a wider class of cones (Chapter 4). Second, we do not want to introduce a new
notation which would severely hamper the reading of this section. For an intrigued reader,
we will speak about a wide class of cones, though, for which multidimensional Tauberian
theorems of Drozhzhinov—Zavyalov type remain true. We also cite two one-dimensional
Tauberian theorems of Drozhzhinov—Zavyalov type for asymptotic expansions of Laplace
transforms and characteristic functions of random variables. We believe that these Tauberian
theorems are of much interest to probabilists.

Let I be a closed n-faced cone in R" with apex at zero, that is, let there exist a base
e1,ez,...,en € R le;| =1,i = 1,...,n, such that

I ={x:xeR", (x,ex) >0Vk =1,...,n}.

We assume that {Uy, k € I} is a family of non-singular linear operators in R” which leave
invariant the cone I':
U =T Vkel, J,=detU.

We let I C R' which has +o0 as its limit point. The operator Vi = (U;*)™! leaves invariant
the dual cone
I'*={y:yeR" (y,x)>0VxeT}.

For an arbitrary operator Uy we obtain

A(k) = sup |Uge|, Ak) = |iln_f1 |Ugel|. (1.7.1)

le|=1
We say that the family {Uy, k € I} is of
FIRST TYPE if A(k) = 400 and A(k) — +o00 as k — +o0;
SECOND TYPE if there exists b > 0 such that A(k) — +ooask — +o0, A(k) > b > 0;
THIRD TYPE if A(k) - 400 ask — +oo.

Let  be a tempered measure on I', that is, for some p > 0

f p(dx)

— <

r 1+ |[x[?

For x € T, let u(x) = pu{l’ N (x —T')}. As before, let fi(y) denote the Laplace transform
of the measure p:

i) = /F N udx),  yeG=intT.
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DEFINITION 1.7.1. A measure p on I is said to be an admissible measure of first
(second, third) type for a cone I if it satisfies the following conditions:

(1) pu(x)>0forx € G =intT;

(2) for any family Uy, k € I, of linear operators of first (second, third) type which leave
invariant the cone T, there exist x® € G and a subsequence {Uy,, , km — +00} as
m — 400 such that

1(Uyg,,x)
w(Uk,,, x°)

as m — +oo uniformly with respect to x in an arbitrary compact Q C G, where
g(x) is a continuous function for x € G;

— g(x) >0, xea,

(3) there exists mg such that

Uk, X)
(U, x°) ~

and there exists ¢ such that

1//()6), m > mo,

v (x)

It ]2 (1.7.2)

The following sufficient condition for admissibility of a measure p is valid.
THEOREM 1.7.1. Let ju(x) be positive, continuously differentiable in G, and obey the
condition

—1l<a=<(e,x)e,Vux))/ux)<b, xeG, i=1,...,n,

where V = (%, e %) Then the measure [ is an admissible measure of each type
forT.

For x € T, let Ar(x) stand for the distance between the vector x and the boundary of
the cone I'.

DEFINITION 1.7.2. Let f(x) be a locally integrable function in I'. We say that f(x)
tends to 1 in the sense of the cone I" as x — oo if for any & > 0 there exists § > 0 such that

| f(x)—1| <efor Ar(x) >34, f(x)—>1, x—>o0inT.

The following Tauberian comparison theorem is true (see (Drozhzhinov, Zavyalov,
1984) or (Vladimirov et al., 1988, Section 11.6.2, Theorem 2)).

THEOREM 1.7.2. Let u and v be non-negative tempered measures on I.

(1) If u is an admissible measure of first type for the cone T' and v(y)/ji(y) — 1 as
y—0,y€C =intT* then

v(x)/u(x) -1, x —>oo0inT.
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(2) If u is an admissible measure of second type for the cone I and for any b > 0

V() i(y) = 1for Ac(y) >0, yeC, |y|<b,

then for any § > 0

v(x)/p(x) = 1 for|x| - 400, Ar(x)>34.

(3) If i is an admissible measure of third type for the cone T" and

V(»)/i(y) = 1for Ac(y) =0, yeC,

then

v(x)/pu(x) = 1 for|x| > +o00, x €G.

Let, as before, {Uy, k € I} be some family of non-singular linear operators which leave
invariant the cone T', and let Ag, Ay be defined by relation (1.7.1)

DEFINITION 1.7.3. A measure p on I is said to be completely admissible for a family
{Ug, k € I} if the following conditions are satisfied:

(1) u(x) >0forx € G =intT;
(2) there exists a vector x° € G such that

u(Ugx)
w(Ugx®)

uniformly with respect to x in any compact Q@ C G, where g(x) is a continuous
function in G

—>g(x)>0, k—> 400, kel,

(3) there exists ko such that
U,
kao)fl/f(x), k> ko, x€G,
n(Urx®)
where 1 (x) is a tempered function on I, that is, relation (1.7.2) holds.

In (Vladimirov et al., 1988, Section 11.6.1, Theorem 3), the following Tauberian com-
parison theorem is proved.

THEOREM 1.7.3. Let i and v be non-negative tempered measures on I', and let the
measure |4 be completely admissible for a family {Uy, k € I}. If the following conditions
are satisfied:

(1) there exists an open set @ C C = intI'* such that

V(Viy)
m(Viy)

>1, k—oo, kel yeQ, Vi=UH"



1.7. Tauberian theorems of Drozhzhinov—Zavyalov type 73

(2) there exist numbers M, B, ko, and a vector e € C such that

v(Vibe) M
PO 2 g<s<1, k>ko kel
T(Vide) — 8B °= Z o RE

then
v(Ugx) N

w(Ugx)
uniformly in x € K for any compact K C G = intT.

1, k—o00, kel,

DEFINITION 1.7.4. A measure u on I' is said to be a-admissible for a cone I, if for
any family of non-singular linear operators {Uy, k € I} which leave invariant the cone I'
such that Ay > pA{ there exists a subsequence {Uy,,,, m — 400, kp € I} for which p is
completely admissible.

Let D, (T") stand for the set of all a-admissible measures for a cone T'. It is clear that
a=<1.

THEOREM 1.7.4. Let a measure | satisfy the hypotheses of Theorem 1.7.1. Then |1 €
Dy(T) foranya < 1.
In (Drozhzhinov, Zavyalov, 1990), the following Tauberian comparison theorem is

proved.

THEOREM 1.7.5. Let u and v be non-negative tempered measures on I', and €
Dy (T). If for an arbitrary constant ¢; > 0

V(y)
()

then for an arbitrary constant c; > 0

v(x)
w(x)

The appropriately altered Theorems 1.7.3 and 1.7.5 are true in the case where one of
the measures is complex-valued (Drozhzhinov, Zavyalov, 1992, Theorems 6 and 7). In
(Drozhzhinov, Zavyalov, 1990, Theorem 4), the following Abelian comparison theorem is
given.

— Lfor Ac(y) =0, |y|<caAE(y), yeC,

— 1for|x| > 00, Ar(x)=>c|x|* xe€ga.

THEOREM 1.7.6. Let . and v be non-negative tempered measures on I', and . €
Dy (T). If for an arbitrary constant ¢ > 0

v(x)
p(x)

then for an arbitrary constant ¢c; > 0

v(y)
w(y)

— L for|x| > o0, Ar(x)>c|x|*, x€G,

— Lfor Ac(y) =0, |y|<c1A&(y), yeC.
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In (Drozhzhinov, Zavyalov, 1990, Theorem 3), an Abelian comparison theorem for
tempered distributions was proved. The proof of that Abelian theorem came up against
severe analytical difficulties. Additional constraints should be imposed on the functions
under consideration naturally referred to as Abelian conditions. The corresponding quite
complicated counterexample was considered there (Section 3).

In what follows, we consider a much more wide class of cones for which Tauberian
theorems 1.7.2, 1.7.3, and 1.7.5 are true, as well as Abelian theorem 1.7.6.

DEFINITION 1.7.5. A convex cone I is said to be homogeneous if for any vectors a
and b in G = int T there exists a non-singular linear operator U which leaves invariant the
cone I such that Ua = b.

Let I be a closed convex acute solid cone in R” with apex at zero (see the beginning of
Section 1.1). As before, let I'* denote the cone dual to the cone I':

' ={y:y eR" (y,x) = 0Vx e T},

C = intT*. Let S’(T") stand for the space of tempered distributions with supports in T'; it
is dual to the space S(I") of infinitely differentiable functions ¢(x) such that

gkl

pm(p) = max sup(l + |x|™) | —————(x1,.... xn)| < 00,
|k|<m yeT axll -"8)6""

wherem =0,1,2,...,k = (ky,...,kn), |k| = k1 +---+ k. The value of f(u) € S'(T")

at o(u) € S(I') is (f(u), ¢(u)). The Laplace transform

[ = (fw).e'®V),  z=x+iyeT =R"+iC,

realises an isomorphism between the convolutional algebra S’(T") and the algebra H(C) of
the functions which are holomorphic in 7 € and obey, for some M, a, b, the bound

|f ()] < M1+ 2D/ [Ac (0P,

Ac(p) is the distance between y and the boundary of the cone C (for more details, see
(Vladimirov et al., 1988)).
Let K¢ (z) stand for the Cauchy kernel of the tubular domain 7€, that is,

Kc(z) = / "W gy, zeTC.
r

DEFINITION 1.7.6. A cone T is said to be regular if 1/Kc(z) belongs to the al-
gebra H(C).

Tauberian theorems 1.7.2, 1.7.3, 1.7.5, and Abelian theorem 1.7.6 remain true for arbit-
rary homogeneous regular cones.

For n < 3, all closed convex acute solid cones are regular. For n > 4, there exist
non-regular closed convex acute solid cones (Danilov, 1985).

All n-faced cones are regular. If a cone T is self-dual (I'* = I') and homogeneous, then
it is regular. In particular, the future light cone

Vi={x:x = (x0,X), X = (x1,...,Xn), X0 > |X|}
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is regular (for more details, see (Vladimirov et al., 1988)).

Let us formulate (in a slightly shortened form) a one-dimensional Tauberian theorem of
Drozhzhinov—Zavyalov type for asymptotic expansions of Laplace transforms (Drozhzhinov,
Zavyalov, 1995b).

Let 1 be a finite non-negative measure on R}‘_ whose Laplace transform is t(y):

() = /O eu(du).  y >0,

THEOREM 1.7.7. Let r(t) be a regularly varying function with index —o, where n <
o <n+1forsomen =0,1,... Then the following assertions are equivalent:

(1) There exist constants co, . . . , Cy such that

n
) =) eyl +h(y),  y>0,

j=0

and o)

Y

A, 0;
am T
(2) for any integerl > 0, ast — oo
t
! — (—1in ! s
/o u'pn(du)y = (=D"1e +1'r(2) [(a TIT@ +0(1)],

forl > nwe can set c; = 0;

(3) for some integer m > 0 there exists a constant ¢, such that, ast — 0o,

/t uu(du) = (=1)"m! ¢y + t"r (1) |: + 0(1):| ;
0

(@ +m)l ()

4) ast — oo,

A
t, =r({)| —— 1.
(00 = 10| s o)
REMARK 1.7.1. The implication 1 = 4 is proved in (Nevels, 1974), see also Prob-
lem 15 in Chapter X VII of (Feller, 1966).

REMARK 1.7.2. In (Drozhzhinov, Zavyalov, 1995a), a Tauberian theorem for asymp-
totic expansions of Laplace transforms of measures concentrated in the positive octant is
also proved.

Let us present a Tauberian theorem of Drozhzhinov—Zavyalov type for characteristic
functions (Drozhzhinov, Zavyalov, 1995b)). Let f(x) be a characteristic function of some
random variable with distribution function F(x):

+o0
f(x):[ X AF(1), x e R

oo
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For a given ¢ > 0, we set

1 e f(u)du 1 e f(u)du

P = — , P_(y) = — .
+() 27i J_, u—iy ) 2xi J_o u+iy

THEOREM 1.7.8. Let r(t) be a regularly varying function with index —a, where n <
o <n+1forsomen =0,1,... If there exist constants cy, 1, . .., C, such that

O () =Y Gyl +h(y).  y>0,
j=0

and
h(y) ~r(1/y). y =04,
then

Similarly, if

n
O_(y) =D ¢y +h(y),  y>0,

j=0
and
h(y) ~r(1/y), y =04,
then |
F(—t) ~ t t .
(0~ i@ @ e

1.8. Three multidimensional Tauberian theorems

In this section we give proofs of three multidimensional Tauberian theorems of Drozhzhi-
nov—Zavyalov type (Drozhzhinov, Zavyalov, 1984; Drozhzhinov, Zavyalov, 1986b; Vladi-
mirov et al., 1988) obtained by the author of this book. These theorems will find application
in Chapter 4 where the asymptotic behaviour of infinitely divisible distributions in a cone
will be studied. The method to prove them combines those used in (Drozhzhinov, Zavy-
alov, 1986b) and (Yakymiv, 1982). Let I" be a closed convex acute solid cone in R”. As
before, we set G = intI", C = int '*.

Let U = {Uyg, k € I C[0,00)} stand for an arbitrary family of linear operators in R”
which leave invariant the cone I':

U =T Vkel, Ji=detU. (1.8.1)

We assume that co is a limit point of the set /. The operator V = (U,;“)_1 leaves invariant
the dual cone I'*. For an arbitrary operator Uy, we set

A(k) = sup |Ugel, Ak) = |ilnf |Ugel. (1.8.2)
e|=1

le|=1
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To the operator Vj, we put into correspondence

1 1
—— = sup | Ve, —— = inf |Vge|.
)\(k) le|=1 A(k) le|=1

Let us recall a definition from the preceding section.

DEFINITION 1.8.1. We say that a family U = {Uy, k € I} is a family of first type if
A(k) — oo and A(k) — oo as k — o0, k € I; of second type if there exists b > 0 such
that A(k) > coask — 0o,k € I,and A(k) > b > 0, k € I; of third type if A(k) — oo
ask > o0,k el.

We introduce functions which regularly vary in G along the family U'.

DEFINITION 1.8.2. We say that a function f(x), which is defined, positive, and meas-
urable in G, is regularly varying in G along a family U = {Uy, k € I} and write
f € R(U, G), if for some vectore € G andall x € G as xy — x,k —> 00,k €I,

U
% — o(x) >0, ¢(x) < oo. (1.8.3)
From (1.8.1) and Theorem 1.4.2 it follows that
]}((g’;:)) 25 o) € (0,00), ko0, kel (1.8.4)

for any compact K C G, while ¢(x) is continuous in G. In accordance with (1.8.3) we
write ¢ = H, (U, G).

REMARK 1.8.1. The set R(U, G) does not depend on the vector ¢ € G. Further, if
(1.8.3) holds for some vector e € G, then it holds for all vectors ¢; € G, and the function ¢
is multiplied by

SUke)
k—o0, kel f(Ukel)'

DEFINITION 1.8.3. A function f(x) defined in G is said to be completely admissible
for a family of operators U = {Uy,k € I},if f € R(U,G), f is locally summable in G
and there exists kg such that

W
Jf(EU’]‘(’g <n(x), k>ky, kel, xeG, (1.8.5)

where e is a fixed vector in G and 7 is a tempered function in G:
/ ) _
G 1+|x|a

REMARK 1.8.2. Definition 1.8.3 is equivalent to the definition of a 0-completely ad-
missible function for a family U = {Uy, k € I} in (Vladimirov et al., 1988, Chapter II,
Section 5.2).

for some ¢.
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DEFINITION 1.8.4. A function f(x) defined in G, is said to be admissible for a cone
T, if for an arbitrary family of linear operators U = {Uy, k € I} which leave invariant
the cone I there exists a subfamily V = {Uy, k € J C I} (J is unbounded) for f(x) is
completely admissible.

Let D(T") denote the set of all admissible for the cone I functions.

DEFINITION 1.8.5. A function f(x) defined in G is said to be admissible of type
m, m = 1,2,3, for a cone I' if for an arbitrary family of linear operators of type m
U = {Ux, kK € I} which leave invariant the cone I' there exists a subfamily
V ={Uyg, k € J C I} (J is unbounded) for f(x) is completely admissible.

Let D, ("), m = 1,2,3, denote the set of all admissible functions of type m for a
cone I'.

LetR,,(T"), m = 1,2, 3, denote the set of all functions f(x) defined in G such that for
an arbitrary family of linear operators of type m U = {Uy, k € I} which leave invariant
the cone T there exists a subfamily V' = {Uy, k € J C I} (J is unbounded) such that
f € R(V,T') (see Definition 1.8.2).

Let R(T") denote the set of all functions f(x) defined in G such that for any family of
linear operators U = {Uy, k € I} which leave invariant the cone I there exists a subfamily
V ={Ug, k € J C I} (J is unbounded) such that ' € R(V,T') (see Definition 1.8.2).

It is clear that

D(I') € D3(I') € Do(I") € Dy(I')

and
R(I') € R3(T) S R(T") S Ry(T).

Let us give examples of functions of R(I") and D(T").
Let

Rl ={x=(x1,....5x) €eR", x; 20Vi=1,...,n}

be the positive coordinate octant,

V,F = {x = (x0,X1,...,Xy) € R"T! xo > \/xlz—k---—}-x,f}

be the future light cone in R**1,

EXAMPLE 1.8.1. Let f(x) be a positive continuously differentiable function in int R’
which satisfies the relation

)
Xj e S (X)
a< 0x; <b, x;>0, j=1,....n,

- x0T
for some a,b € (—o00,00). Then (see (Vladimirov et al., 1988, Chapter II, Section 5.3,
Theorem 1)) /€ R(R’}). In particular, if a > —1, then /" € D(R7).

EXAMPLE 1.8.2. Let f(x) be a positive continuously differentiable function in int V",

and
_ DY) _

a< 2 T < xeVE, ledv, =1,
7 e M

n
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for some a, b € (—o0, 00), where V = (% D ) Then (see (Vladimirov et al., 1988,

E
Chapter II, Section 5.3, Theorem 2)) f € R(V). In particular, if a > —1, then f €
D(V,).

Let ' be a closed convex acute solid cone in R” with apex at zero. We consider a
function x which admits the representation

x(@) =n@)e@). 1 €(0,00), (1.8.6)
where the functions 1 and ¢ satisfy the following conditions:
(1) there exist positive ¢y and ¢, such that

c1 =) = e, t € (0,00); (1.8.7)

(2) the relation

n(At) te(0,00)

A>1, (1.8.8)

holds true;
(3) The function ¢ is positive, continuously differentiable, and satisfies the inequalities

19’ (1)
a =< m <b,

for some a, b € (—o0, ).

0<t< oo, (1.8.9)

EXAMPLE 1.8.3. Let the function y satisfy (1.8.6)—(1.8.9), and let the vectors /; € '™,
numbers A4; > 0, and @ € R! be fixed. Then (see (Vladimirov et al., 1988, Chapter II,
Section 5.4)) f(x) = x(w(x)) € R(T"), where

P A, x)%
o(x) = prql ACILDINN
Zi=p+1 Aj(lj, x)ot,-

In particular, if —a;ja < 1,i = 1,...,p,and ;b < 1,i = p+1,...,p + ¢, then
f(x) e D).

Let M 1+ (G) (M2+ (G), respectively) denote the set of all non-decreasing (non-increas-
ing) functions in G which are upper continuous, that is, such that f(x) = f(x4) for all
x € G,andlet M+ (G) = Ml+ (G)u M2+ (G) (see the beginning of Section 1.2).

As before, let f (y) and [i(y) denote, respectively, the Laplace transform of a function
Jf and of a measure p on I':

7o) = /r OV fdy i) = /F O (d),

provided that there exist for y g a withsomea € T =T*.

Let I' be an arbitrary closed convex acute solid cone which admits a family of linear
transformations U = {Uy, k € I} which leave invariant the cone I" (see (1.8.1)). The
following Tauberian theorem is true.
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THEOREM 1.8.1. Let f(x) = u(x)v(x), x € G, where u(x) € R(U, G) (see Defini-
tion 1.8.2), v(x) € MT(G), v(x) >0, x € G, px > 0,k € I, and let for all y € C there
exist f(y). We assume that for all y € C

Ty
Jk Pk

S yY(y) <oo, k—oo, kel Vi=UH". Ji=detlU. (18.10)
Then there exists a function ¢(x) < oo, x € G, such that
U,
SO | o(x), k —>o0, kel (1.8.11)
Pk

almost everywhere in G and a measure |1 on I such that ¢ is its density in G and

Yv(y) = i(y) < oo VyeC. (1.8.12)
In particular, if £(0T") = 0, then
v (y) =o(y) < oo, VyeC. (1.8.13)

If the function ¢(x) is continuous in G, then relation (1.8.11) holds uniformly in x € K for
any compact K C G.

REMARK 1.8.3. Theorem 1.8.1 is an analogue of Theorem 1 in (Vladimirov et al.,
1988, Chapter II, Section 4.3). The difference of our theorem consists of weakening the
Tauberian condition and breaking the regularity of the cone I'.

PROOF OF THEOREM 1.8.1. Let 2 be the set of all bounded Borel sets in R”. In what
follows, the measures are non-negative, o-finite, and concentrated on I". We define a family
of measures {1, k € I} on 2 by the formula

S,

pi(A4) = Ae. (1.8.14)
ANl Pk
Since
~ Vi
fiic(y) = f(Jk(y)) yec, (1.8.15)
k Pk
from (1.8.10) it follows that for any y € C
ik (y) = ¢¥(y) <oo, k—o0, kel (1.8.16)

By virtue of Theorem 1.3.2, there exists a measure p on I" such that
wrk =>u, k—oo, kel, (1.8.17)

and relation (1.8.12) holds true. We fix an arbitrary vector e € G and set for x € G

_ u(Ugx)
T u(Uge)’

ur(x) vg (x)

= @u(Uke). (1.8.18)
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For definiteness, let v € M2+ (G). We observe that
v(Ux) € M,H(G) (1.8.19)

for any linear operator U which leaves invariant the cone I', that is, UT" = T". It is easily
seen, indeed, that since UT' = I', we obtain U(dI') = dI" and U(G) = G. Therefore,
r
for x,y € G and x < y we find that Ux,Uy,U(y — x) € G, because y — x € G. Then
r
Ux < Uy, hence we obtain v(Ux) > v(Uy). Next, by virtue of Lemma 1.2.2,

lim v(Uy) = lim v(Uy) = v((Ux)4+) = v(Ux)
y—x, y£x Uy—Ux, UygUx

(the last equality is true by the definition of M2+ (G)). In other words, (1.8.19) holds. By
virtue of (1.8.19), vg(x) € M;r (G) for any r € I. Let us demonstrate that for any x € G
there exist kx € I and ¢y < oo such thatfork > ky, k € I

v (x) < cy. (1.8.20)

It is easy to see that for any closed ball 4 with centre at x such that 4 C G and p(04) = 0,
by virtue of (1.8.17) and (1.8.15),

A)= i dy;
pd) = tim [ )y

5

so there exists k1, € I suchthatforallk > ki, k € I

/A e (Yo () dy < p(A) + 1. (1821)
But

f ue () dy > inf ue(y) f () dy > inf upg()Blogx),  (1.8.22)
A y€A B yeAd

r
where B = {y:y € A, y < x} in the case where v does not increase and B = {y: y € A4,

r
y > x} in the case where v does not decrease. Let H, (U, G) = ¢;. Since u € R(U, G),
we obtain

yeA
up(y) = ¢1(») >0, k—>oo, kel
Therefore, there exists kx > kix, kx € I, such thatfork > k,, k € I,

inf u(y) = b > 0. (1.8.23)
yeA
Inequality (1.8.20) with ¢ = (u(A4) + 1)/(| B|b) now follows from (1.8.21)-(1.8.23). By

virtue of Theorem 1.2.1, the set of functions {vg(x), k > kyx, k € I} is weakly pre-
compact. For some unbounded set J C I, let

v =>h, k—>oo, kel (1.8.24)
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Let us demonstrate that the function ¢ (x)/(x) is the density of the measure p with respect
to the Lebesgue measure in G. Letaset A € A, 4 = A U dA C G. Then there exist € > 0

r T
and A > 0 such that for any x € A we obtain se < x < Ae. Since u € R(U, G), there exist
ko and ¢ < oo such thatfork > ko, k € I,and x € 4

u(Urx) -
<c.
u(Uge)
From (1.8.20) and (1.8.25), for k > max(ko, kee, k), k € I and x € A we see that

f(Ugx) _ u(Upx) Uk (%) < e max(cee, Cip)- (1.8.26)
Pk u(Uge)

By virtue of the Lebesgue theorem, in view of (1.8.24) and (1.8.26), we obtain

(1.8.25)

/ de — / o1(X)h(x)dx, k —>o0, kel. (1.8.27)
A4 Pk A
We assume that ;t(dA) = 0. Then, along with (1.8.27), the relation
ur(A4) = / de — u(d), k—>o0, kel, (1.8.28)
A Pk
holds (see (1.8.17)). From (1.8.27) and (1.8.28) it follows that
/Ago](x)h(x) dx = pu(A). (1.8.29)

By the last inequality, the function / is uniquely defined by p up to a set of Lebesgue
measure zero. But 2 € M T(G) in view of (1.8.24); hence

h(x) = limh(y)
yix

for any x € G, so / is uniquely defined by p. Since the limit function in (1.8.24) is unique,
we conclude that

ve=>h, k—>oo, kel (1.8.30)
Thus, in every point x of continuity of the function / we see that

S Urx) _ u(Uyx) () = o1 (Oh(x), k — o0, kel (1.8.31)

Pk u(Uge)

and relation (1.8.29) holds. From (1.8.31) it follows that relation (1.8.11) with ¢(x) =
©1(x)h(x) is true. From (1.8.29) it follows that ¢ = ¢/ is the density of the measure p
with respect to the Lebesgue measure in G. Finally, (1.8.12) follows from relations (1.8.16)
and (1.8.17).

Now let ¢(x) be continuous in G. It remains to show that relation (1.8.11) holds uni-
formly in x € K for any compact K C G. By virtue of Theorem 1.4.2, it suffices to verify
that

S Wixy) N
Pk

@(x) (1.8.32)



1.8. Three multidimensional Tauberian theorems 83

for any x € G provided that x; € G, x;x — x as k — 0o, k € I. Since ¢(x) is continuous
in G and ¢ (x) is positive and continuous in G, the function /(x) is continuous in G. We
fix some a € (0, 1), b € (1, 00). For definiteness, let i € M2+ (G). Then the inequalities

. SWUexk) u(Ukxy)
limsup ——= = limsup ——vr(xg)
koo, kel Pk k—oo, ker U(Uke)
U,
< u(Ukxk) Vi (ax) = @1(x)h(ax) (1.8.33)

 k—>oo, kel u(Uke)

are true (the last one follows from (1.8.3) and (1.8.30) in view of the fact that / is continuous
in ax). Passing in (1.8.33) to the limit as ¢ 1 1 and recalling that /i is continuous at the
point x, we obtain

U,
lim sup M < g1 (x)h(x). (1.8.34)
k—o0, kel k
Further, the lower bound
% U,
imint TR _ e 20D
k—oo, kel P k—o0, kel u(Uge)

U,

> gm0 ) = o (0)h(bx) (1.8.35)

T k—oo, kel u(Uge)
is true. By passing to the limit as » | 1 in (1.8.35), we obtain
iming 2 (YkXK)
iminf ————
k—o0, kel Pk

> @1(x)h(x). (1.8.36)

Now (1.8.32) with ¢(x) = ¢1(x)h(x) follows from (1.8.34) and (1.8.36). In the case where
heM 1'" (G), (1.8.32) is proved similarly: the inequalities are replaced by the opposite
ones, and lim sup, lim inf are swapped. The proof of the theorem is thus complete. O

As before, let I' be an arbitrary closed convex acute solid cone which admits a family of
linear transformations U = {Uy, k € I} which leave I" invariant. The following Tauberian
comparison theorem is true.

THEOREM 1.8.2. Let f(x) = u(x)v(x), x € G), where u(x) € R(U, G) (see Defini-
tion 1.8.2), v(x) € MT(G), v(x) > 0, x € G, and for all y € C let there exist f(y). We
assume that the function g(x) is completely admissible for a family U = {Uy, k € I} (see
Definition 1.8.3). If

f%vky)_é
EViy)

forany y € C, V = (U]:‘)_l, then the limit

1, k—oo, kel, (1.8.37)

f(Ugx) xek
g(Ukx)

exists for any compact K C G.

I, k—>oo, kel (1.8.38)
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PROOF. In view of complete admissibility of the function g for the family U =
{Ug, k € I}, for some fixed vector e € G we see that

éjg((lljlzi:; 2 o) >0, koo, kel (1.8.39)

for any compact K C G. We set p = g(Uge), k € I, and demonstrate that

S(Ukx) xek
o

px), k—>o00, kel, (1.8.40)

for any compact K C G. Itis easily seen indeed that for y € C
Ty _ fiy) 80i)
Jepe  8(Viy) Jrg(Uke)

and by virtue of the Lebesgue theorem, in view of (1.8.39) and bound (1.8.5) for the func-
tion g(x), we obtain, as k — 00,k € I,

(1.8.41)

g(Vky) _/ g(ka)e—(y,x)dxﬁ@(y)<oo
G

Jig(Ure) — Jo g(Ure)

forany y € C. So from (1.8.37) and (1.8.41) it follows that

F(Vey)

- @(y)<oo, k—>oo, kel VyeC.
Jk P

Thus, all hypotheses of Theorem 1.8.1 with ¥ (y) = @(y) are satisfied. Since the function
¢(x) is continuous in G, making use of Theorem 1.8.1 we conclude that relation (1.8.40)
holds true, and

U U, Upx)\ !
SUrx) _ S(UkX) (g( kx)) _ (1.8.42)
g(Ukx) Pk g(Uke)
Relation (1.8.38) follows from relations (1.8.39), (1.8.40) and (1.8.42) in view of positivity
of ¢(x). The theorem is proved. O

Let Ar(x) be the distance between the point x € T" and the boundary of the cone I, and
let A7 (x) be the distance between the point x € T and the boundary of the cone T = T'*.

DEFINITION 1.8.6. A convex cone I is said to be homogeneous if for arbitrary points
x; and x, in G = intI" there exists a non-singular linear transformation U (generally
speaking, depending on x; and x,) which leaves invariant the cone I" such that Ux; = x».

Let I" be an arbitrary closed convex acute solid homogeneous cone in R” with apex at
zero. The following Tauberian theorem is true.

THEOREM 1.8.3. Let f(x) = u(x)v(x), x € G, v(x) € MT(G), v(x) > 0, and for
all y € C let there exist f(y). The following assertions are true.
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(1) If g(x) € Dy (') (see Definition 1.8.5), u(x) € Ry(I"), and the limit

AU (1.8.43)
g
existsas y — 0, y € C, then
M —1,xe G, Ar(x)— oo. (1.8.44)
g(x)
(2) If g(x) € D, (T) (see Definition 1.8.5), u(x) € Ry(T"), and for any b > 0 the limit
SO\ A >0, yecC. |yl <b. (1.8.45)
g)
exists, then for any § > 0
RACY] -1, xeG, Ar(x)=34. (1.8.46)
g(x)

3) If g(x) € D3(T") (see Definition 1.8.5), u(x) € R3(T"), and the limit

]:(J/) 1, Ar(») >0, yeC, (1.8.47)
g(y)
exists, then
Mel, x€G, |x|— 0. (1.8.48)
g(x)

PROOF. We begin with proving the first assertion. We assume the contrary, that is, let
(1.8.43) be true but (1.8.44) be broken. Then there exists ¢ > 0 and a sequence x; € G,
Ar(xx) > k, k € N, such that

S(xx)
g(xx)

- 1‘ > ¢, k eN. (1.8.49)

We fix a € G, |a| = 1, and consider a family of linear operators U = {U, k € N},
UrT' = T, such that Upa = xj. Such operators exist because of the homogeneity of I".
Since |Uga| = |xg| = k, we see that

Mk
pla)’

where A(k) are defined by relation (1.8.2) and p(a) > 0 (see Lemma 2 in (Vladimirov et
al., 1988, Chapter II, Section 5.1)). Then A(k) — oo as k — oo, k € N, and therefore,
Ak) — ococask — oo, k € N, too (see (1.8.2)). Thus, the family {U,k € N} isa
family of first type, and since g(x) € D;(T"), there exists a subfamily {Uy, k € L C N}
(L is unbounded) for which g(x) appears to be completely admissible. By the definition

k < Ar(xg) = Ar(Uga) =
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of Ry (T), in the family {Uy, k € L} a subfamily U = {Uy, k € M C L} exists (M is
unbounded) such that u € R(U,T). It is clear that the function g(x) remains completely
admissible for the family U. For an arbitrary fixed vector y € C and k € N, we see that
Vky € C and

[y]
Viyl < |yl sup |Veke| = === =0, k —>o00, keN.
| et AGk)
Therefore, by condition (1.8.43)
f(v
V) koo, ke (1.8.50)
gWry)

Thus, all hypotheses of Theorem 1.8.2 are satisfied. By virtue of this theorem,

SUka) _ J(xx)
g(Ura)  g(xx)

-1, k—>o00, keM.

The last relation contradicts inequality (1.8.49) for k € M. Assertion 1 of the theorem is
thus proved. The proofs of assertions 2 and 3 repeat the above with account for the fact
that the families of operators {Uy, k € N} are of second and third types, respectively (see
(Vladimirov et al., 1988, Chapter II, Section 6.2, Theorem 2)). |

1.9. Remarks to Chapter 1

The regularly varying functions of one variable were first introduced by J. Karamata in
(Karamata, 1930a) who proved Tauberian theorems for them (Karamata, 1930b; Kara-
mata, 1931a; Karamata, 1931b). Multidimensional extensions of regularly varying func-
tions are studied in (BajSanski, Karamata, 1969; Rvacheva, 1962; Resnick, 1986; Resnick,
1987; Resnick, 1991; Greenwood, Resnick, 1979; de Haan, 1985; Omey, 1989; de Haan et
al., 1984; Kliippelberg et al., 2003; Meerschaert, 1986; Meerschaert, 1988; Meerschaert,
1993; Meerschaert, Scheffler, 1999; Ostrogorski, 1995; Ostrogorski, 1997a; Ostrogorski,
1997b; Ostrogorski, 1988; Stam, 1977; Drozhzhinov, Zavyalov, 1984; Drozhzhinov, Zavy-
alov, 1986a; Drozhzhinov, Zavyalov, 1986b; Drozhzhinov, Zavyalov, 1990; Drozhzhinov,
Zavyalov, 1992; Drozhzhinov, Zavyalov, 1995a; Zaigraev, Nagaev, 2003; Kozlov, 1983;
Molchanov, 1993; Yakymiv, 1982).

In (BajSanski, Karamata, 1969), continuous functions f:G — Ry are considered,
where G is an arbitrary topological group where a filter U of open convex sets in G with
countable base is given. The filter U is thought of as G-invariant, that is, Uh € U and
hU € U for any set U € U and any element # € U. According to (BajSanski, Kara-
mata, 1969), a function f is said to be regularly varying with respect to filter U if the limit

i &M _
g~ f(g)

exists for any 4 € G, where g — oo means convergence with respect to the filter. In
(Bajsanski, Karamata, 1969), a theorem about uniform convergence is also proved.

p(h)
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In (Ostrogorski, 1995; Ostrogorski, 1997a; Ostrogorski, 1997b; Ostrogorski, 1988), the
research started in (Baj$anski, Karamata, 1969) is continued. As the group G, various cones
in R” are considered, such as the hyper-octant, the future light cone, arbitrary homogeneous
cones.

In (Omey, 1989), measurable functions f": Rﬁ_ — Ry are studied such that the limit

S Ox.s0)y)
S f(r(0.5(0)

exists for some auxiliary functions r, s: R4 — R4, r(¢) — 00, s(t) — 00 as t — 00, some
positive function A(x, y) and for all x, y > 0.

In (Meerschaert, 1986; Meerschaert, 1988), functions f(¢) of one variable ¢ are con-
sidered whose values are non-singular linear operators from R¥, and the idea of regular
variation is extended to this case.

In (Molchanov, 1993), regularly varying functions f(x) defined in some m-dimensional
cone are introduced whose values are closed (compact) sets in R,

According to (Resnick, 1986), a random vector X taking values in R” is said to be
regularly varying at infinity with index & > 0 and spectral (probability) distribution P on
the unit sphere S”~! C R” if there exist positive ¢ and 0%, k € N, such that, as k — oo,

= A(x, )

kP{o;'X € A(r, B)} — cr® Py(B)
for all sets B € S"~! of continuity of the limiting measure Py and r > 0, where
A(r,B) ={x:x e R", |x| > r, x/|x| € B}.

In (Basrak et al., 2002), it is shown that if a random vector X regularly varies at infinity
with index « > 0, then for any x € R” and some regularly varying at infinity function L(¢)
there exists the limit
P{(x, X) >t}
im —————— = w(x),
t—oo  (TYL(1)

and there exists xo # 0 such that w(xo) > 0. It is also shown that for non-integer &« > 0
the corresponding converse assertion is true, while the limiting measure Ps is uniquely
determined by the function w(x). A counterexample is given for o = 2.

Let a non-negative function A(x) be continuous on the unit sphere S”~! c R”. In
(Zaigraev, Nagaev, 2003), a function f(x), x € R”, is said to be (8, )-regularly varying if,
as | x| — oo,

S (x)
rp(lx[)

sup —Alex)| = o(1),

ex€E;

where ey = x/|x/|, rg(t) regularly varies as t — oo with index §, and
E, ={aeS" ' \a) >0}
This definition is close to the definition of the class R, (I") in Section 1.1, where

'={xeR" x=ta,ac E,, t >0}
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So, if the set E; is closed, then the set of all measurable (8, A)-regularly varying functions
coincides with the set of functions in R, (T") such that the limiting homogeneous function
@(x) in relation (1.1.1) is of the form ¢(x) = ¢|x|#A(x/|x|), x € T, where c is a positive
constant (see Theorems 1.1.1 and 1.1.2).

Prior to the seventies of the twentieth century, the multidimensional Tauberian theory
was of little utility and followed the line of direct extension of known one-dimensional
Tauberian theorems. Particular results concerning multidimensional Tauberian theorems
of this period can be found in works of many mathematicians: (Hardy, Littlewood, 1913;
Knopp, 1939; Ganelius, 1971; Delange, 1953; Delange, 1963; Delavault, 1961), etc. But
most studies which deal with multidimensional Tauberian theorems came to the light in
the second half of seventies of the twentieth century (see the references in Introduction)
in connection with many applications in the theory of differential equations, mathematical
physics, and probability theory.

Sections 1.1-1.3 are based on (Yakymiv, 1982). The studies (Yakymiv, 1988; Yakymiv,
1990a) underlie Sections 1.4 and 1.5. One-dimensional Tauberian theorems in Section 1.6
are taken from (Yakymiv, 1987a; Yakymiv, 1987b; Yakymiv, 1995; Yakymiv, 2002). In
Section 1.7, we utilise (Drozhzhinov, Zavyalov, 1984; Drozhzhinov, Zavyalov, 1986a;
Drozhzhinov, Zavyalov, 1986b; Drozhzhinov, Zavyalov, 1990; Drozhzhinov, Zavyalov,
1992; Drozhzhinov, Zavyalov, 1995a; Drozhzhinov, Zavyalov, 1995b) and the monograph
(Vladimirov et al., 1988). Section 1.8 follows (Yakymiv, 2003b).
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Applications to branching processes

2.1. Bounded below branching processes

In this section we consider one-dimensional continuous-time Markov branching processes
homogeneous in time. We recall that Markov branching processes are distinguished from
the other Markov processes with phase space N = {0, 1, 2, ... } by the property of branching
transition probabilities { P;;(¢),i, j € N,t € Ry }:

Pij(t) = Pi{(1) = > P1j, (t) P1j,(t) -+ Py, (1)
Jitiztetji=j

The last condition for i = 0 means that
Poj(t) = PP (1) = boj.

where §;; are the Kronecker symbols,

1, i=}],
8ij = L
0, i #]j.
As is the convention for branching processes, the state of the process is called the number

of particles. Let a Markov branching process 14(z) be given. We set

Pu(t) = P{p(t) = n | n(0) = 1} = P{u@ + u) = nfpu(u) = 1}.

As usual,
lim Pi(t) =1,
t—0

and, ast — 0,
Pi(t) =14 pit+o0(), Pu(t)= put+o@), n#l,

while

(o]
Z pn =0.
n=0

&9
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We set
o
S =) pas".  se[0.1].
n=0

We assume that /(1) = 0 (the process is critical) and b = (1) < co. As we know
(Sevastyanov, 1974, Section 2.2), in this case the probability that the process continues is

Q@) = P{u(r) > 0| n(0) =1}

behaves at infinity as follows:

2
t) ~—, t — 0.
0 ~ 00
In (Sevastyanov, 1978), the asymptotic behaviour at infinity of the probabilities
Omr (@) =P{ inf u)>r|wn0)=m}, m>r >0, 2.1.1)
0<u=t

is studied. It is clear that Q19(¢) = Q(¢), Omo(t) = 1—(1—=Q(t))" ~ mQ(t) ast — oo.
Therefore,

2m
QmO(t) ~ F7 t — o0.

In (Sevastyanov, 1974), the following theorem is proved.
THEOREM 2.1.1. Let /(1) = 0, f”(1) = b € (0,00). Then for any integers m >
r>0
2(m —r)
bt

We give here the original proof of this theorem.
In order to prove the theorem, we make use of the equality

Omr(t) ~ , t — 0. (2.1.2)

Tmo = Tmr + Tro, (2.1.3)

where t,0 (770) is the random time of extinction of the process beginning with m ()
particles, t,,, is the random time of first passage of r for the process beginning with m
particles, 7,,, and 7,9 are independent. Let ¢, (A) denote the Laplace transform of t,,,:

@mr (L) = Ee72mr ) >0,
We see that
or ) = = [ M0 1) = 130, 0,
where ' -~
Dy (L) = /0 ™M Qur (1) di.
From (2.1.3) it follows that

(PmO()‘)
(pr()()‘) '

Pmr ) = (2.1.4)
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or, in other notation,

_ quO()\) - quo()h)
Dpr (V) = P TR IEE (2.1.5)

In what follows we will make use of one Tauberian theorem which extends Theorem 4 in
(Feller, 1966, Section XIII.5). We formulate it as a lemma.

LEMMA 2.1.1. Let
o0
o= [T eHuar w0 = 2o
0

where v(t) is a monotone function; let p > 0 and L(t) be a slowly varying function. Then

1 1
A)~—L| - ALO
ot~ e (7). wio
if and only if

u(t) ~ %p)t”“L(z), t — oo.

Lemma 2.1.1 is a corollary to Theorem 1.3.4; it can also be proved similarly to that
Tauberian theorem in (Feller, 1966).

PROOF OF THEOREM 2.1.1. Since Qo) = 1 — (1 — Q(¢))™, we see that
Do) = md(A) + O(1),

where
D) = /ooe_}"Q(t) dt. (2.1.6)
0

We cannot apply Lemma 2.1.1 to (2.1.6), so we integrate (2.1.6) by parts and obtain

A) = A ey d
() /0 M B ) dr,
where ,

o) = /0 Q) du.

Since 5
Q(t)w Elnt, t — oo,

by Lemma 2.1.1 we obtain

2 1
d(A) ~ —In —, Al 0. 2.1.7
M~Zine 2 @.1.7)
From this asymptotic expression with account for (2.1.5) it follows that
2m—r) 1

Ppr () ~ == A 0. (2.1.8)
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We cannot apply Lemma 2.1.1 to the asymptotic formula (2.1.8), so we differentiate (2.1.5)
and obtain

o) =P (D) (Prmo(A) = Pro(M))(Pro(M) + AP, (R))

® (A = 2.1.9
mr () 1 —A®,o(R) (1 =Ad,o(R))? @19
where o
(M) = —f eMtQ (1) di.
0
We observe that
’ o —\t m o —At 2
®,0(A) =—m A e MtQ) dt + 2) ), e MtQ°(t)dt + O(1).
By virtue of Lemma 2.1.1,as A | 0
o
2
-\t
tQt)ydt ~ —,
| erowan~
o0 4 1
-\t )2
/0 e Mt (t)dt ~ b_21nX'
Therefore,
2m
o) ~ =3 AL,
Thus, from (2.1.9) with account for the asymptotic expression (2.1.8) we obtain
2(m—r)
(D;”’(MN_T’ Al 0. (2.1.10)
In order to complete the proof it remains to apply Lemma 2.1.1 to (2.1.10). O

REMARK 2.1.1. In the case of discrete time, jumps down by several units may occur,
so equation (2.1.3) is broken and the problem to find an asymptotic formula remains open.

The example below demonstrates that in the case of discrete time an asymptotic formula
differing from (2.1.2) may arise. Let the offspring generating function be of the form

F(s)=Po+ Pryys” '+ -1, Py>0,P 1 >0.

In this case,
Omr(t) = Omo(t) ~mQO(t), t — 0.

The direction considered in this section is continued to be studied in (Sevastyanov, 1995;
Sevastyanov, 1997); both the case of discrete time and subcritical branching processes with
several types of particles have been analysed. Even more general problem is posed in
(Sevastyanov, 1998), where branching processes are considered which stop after falling into
a prescribed set of states. Most interesting results concern the case of subcritical discrete-
time branching processes. The initial multi-type Galton—Watson branching process

w@t) = (i), um@), =012,
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generates a stopped branching process & (¢) if the process stops as soon as p(¢) finds itself
in a certain finite set S. The process w(z) is assumed to be critical and indecomposable
(Sevastyanov, 1978, Chapter IV). It is proved that

gy = Jim PE@) =1 | £(0) = n}

foranyr € Sasn ¢ S,n =n; +---+ ny, — 00, nj/n — «;, asymptotically approx-
imates a periodic with period one function of log;,g 77, R is the Perron root of the matrix
{A4ij = Epi(1) | n(0) = e;} (Sevastyanov, 1978, Chapter IV, Section 5).

2.2. Bellman-Harris branching processes

In this section and two following ones we consider a more general model of branching
processes, the so-called Bellman—Harris processes. In these processes, every particle is an
independent probabilistic copy of the initial particle whose life time distribution function is
G(t),t > 0, and the generating function of the number of particles which a particle gen-
erates when dying is /(s), s € [0, 1]. As before, we consider critical branching processes,
that is, #/(1) = 1 (on average, a particle generates a single particle). For more details, the
reader should refer to (Harris, 1963, Chapter 4) and to (Sevastyanov, 1974, Chapters 8 and
9, model 3).

Here we study a new phenomenon in these processes which does not take place in
Markov branching processes. This phenomenon was discovered in (Vatutin, 1977b). His
study, with only a slight modification, is presented below.

Let p(2) be the number of particles at time ¢ in a Bellman—Harris branching process
under the condition that at the initial time ¢ = 0 the process has a single particle of zero age.
In this section, L(¢), Lo(t), L;(¢) stand only for functions which slowly vary at infinity. In
(Vatutin, 1977b), the following limit theorem is proved.

THEOREM 2.2.1. Let G(04+) = 0,

hs)=s+ A —9)TL(1/(1-y)), s€(0,1), (2.2.1)
Tt)=1-G(t) =tPLo). 1> 0, (2.2.2)

n(1 — G(n))
e . n— oo, (2.2.3)

where a € (0, 1], B > 0, h, (s) is the nth iteration of the generating function h(s). Then
1) P{u() > 0} ~ t=PU+D L (1) as t — oo;

(2) foranys €0,1),

lim E [s"(’)m(t) > o] =1 (1 —5)l/0+a), (2.2.4)
—>00

as is our convention, the functions L, Lo, L are slowly varying at infinity.

Let us discuss the theorem. Constraint of form (2.2.1) on the generating function /(s)
was first used in (Zolotarev, 1957) for Markov branching processes (that is, where either
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G(¢) is concentrated at 1 or G(¢) = 1 — exp(—pt), t > 0, for some p > 0). It is proved
there that for the Markov branching processes obeying (2.2.1) the conditional distribution
w(@)P{u(t) > 0} under the condition that u(z) > 0 weakly converges as ¢ — oo to the
stable distribution with parameter «. In (Slack, 1968; Slack, 1972), it is shown that (2.2.1)
is necessary and sufficient for existence of this weak limit for the Markov discrete-time
branching processes. In addition, the asymptotic behaviour of P{T" = ¢} was found there
as t — oo which related to the probability of continuation of the process P{iu(¢) > 0} =
P{T > t} ast — oo. Similar limit theorems are true for the Bellman—Harris branching
processes if the ratio in (2.2.3) tends to zero (Vatutin, 1977a). The case where the ratio
in (2.2.3) tends to a positive constant is analysed in (Vatutin, 1980). We observe that no
normalisation of 1(¢) enters into in (2.2.4), although

1

Biu@ [ 1) > 0} = gors—r =

oo, t — o0.

This is why Theorem 2.2.1 generates so much excitement among specialists on branching
processes.
As mentioned in (Bojani¢, Seneta, 1971), from (2.2.1) it follows that

1= hp(0) ~n~Y%Ly(n),  n— oo. (2.2.5)

From (2.2.5) and (2.2.2) it follows that (2.2.7) holds if and only if either § < 1 + 1/, or
B=1+1/a,

lim Lo(n)/L,(n) = oo.

n—00
In order to prove Theorem 2.2.1, we need a series of lemmas.

LEMMA 2.2.1 (see (Nagaev, 1975)). Let j11(t) and j12(t) be Bellman—Harris branch-
ing processes, G1(t) and G2 (t) be the distribution functions of the life times of a particle in
the processes, and let the generating function h(s) of the number of offspring of a particle
be the same for both processes, h'(1) = 1. If

Gi(t) = Ga2(t)

forallt > 0, then
Es“1® = F(t,5) > F»(t,s) = Es*2®

foralls € 0,1]andt > 0.

LEMMA 2.2.2 (see (Goldstein, 1971)). If /(1) = 1 in a Bellman—Harris branching
process, then

ha(s) + (1 = $)G* (1) = Es*® > f,(s) — (1 — s)(1 — G*(1)) (2.2.6)

forallt >0, s €0, 1], and all positive integers n. Here G*"(t) is the n-fold convolution of
the function G(t).

LEMMA 2.2.3. Let (2.2.3) hold with > 1. Ifn — oo, t — 00 so that n = o(t), then

1—G* (1) = o(t P+ Lo(1)).
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The proof of this lemma repeats the proof of Theorem 27 in (Petrov, 1975, Chapter IX),
SO we omit it.

LEMMA 2.2.4. Let L(t) and Ly(t) be slowly varying at infinity. If, ast — oo,
Li(1) = o(La (1)), (2.2.7)
then there exists a non-negative integer-valued function n(t) such that, as t — oo,

L) _ (L20)).

n(t) t

PROOF. From (2.2.7) and the definition of a slowly varying function it follows that for
anyc >0

n() - oo, n(t) =o(t),

(2.2.8)

. Li([et]) 1

m =
t—oo ¢t Ly(t)
Let

ar(t) =kL (t/k])/L2(t), t1 =1, tge1=14+min{t > tg:ar(x) <1/k Vx >1}.

The function n(t), which is equal to 1 for ¢ < 1 and to [t/ k] for ty < t < 1341, obeys

(2.2.8). O
PROOF OF THEOREM 2.2.1. As we know (Harris, 1963, Theorem 7.1), the function
F(t,s) = Es*®

satisfies the integral equation

F(,s)=s(1—-G(t)) + /t h(F(t—u,s))dGu),
0

which can be rewritten as follows:

t

t
R(t,s)=(1—-5)T) + / Rt —u,s)dG(u) —/ g(R(t —u,s))dGu), (2.2.9)
0 0
where
R(t,s)=1—F(t,s), T@)=1-G@), g(s)=h(1—-s)—(1-23).
Applying the Laplace transformation to equation (2.2.9), we obtain
o0 (o]
/ e MR(t,s)dt k/ e MT (1) dt
0 o0 0 o o0
=(1- s)/ e MT(r)dt —/ e Mg(R(1,5)) dt/ e MdG(r). (2.2.10)
0 0 0
Since R(t,s) — 0 ast — oo for any fixed s, as A | 0 we obtain

k/ooe_)"R(t,s) dt = o(1). (2.2.11)
0
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Let 8 € (0, 1). Then by virtue of Lemma 2.1.1,as A |, 0
(I-9T1-p

o0
(1 —s)/ e MT(1)dt ~ Lo(1/1). (2.2.12)
0 A8
From (2.2.10) and (2.2.11) it follows that, as A |, 0,
o0 o0
(1 —s)/ eMT () dt ~ / e Mg(R(t,s))dt. (2.2.13)
0 0

Since 4'(1) = 1, for any fixed s the function R(¢, s) monotonically decreases, and therefore,
the function g(R(z, s)) monotonically decreases as well. Making use of Lemma 2.1.1, from
(2.2.12) and (2.2.13) we obtain

g(R(t,9) =1 —s)PLo()1 +0(1),  t— oo (2.2.14)
Setting s = 0 in (2.2.14) and taking (2.2.1) into account, we find that
R(t,0)' ™ L(1/R(,0)) = fBLo(t)(l + 0(1)), t — oo. (2.2.15)

Hence it follows that R(z,0) = r~#/0+®) [ (¢), which proves the first part of the theorem
for B € (0, 1). Furthermore, because the function F(z, s) is convex downwards,

R(t,0) > R(t,s) = (1 —5)R(,0).
So, forany s € [0, 1)
lim L(1/R(t,s))/L(1/R(t,0)=1.
t—00
Recalling (2.2.1) and (2.2.14), we arrive at

. (R(r,s))”“ . g(R(,5))
]1m _— = llm _— = 1
t—o0 \ R(t,0) =00 g(R(1,0))

)

which is equivalent to (2.2.4).
The following proof is carried out by induction. Let

n
um) =Y (1+a)*,  n=0.1....
k=0

Let (2.2.14) be true for all B € (0,u(n)). Let us prove that (2.2.14) is true for § €

[u(n),u(n 4+ 1)). First, from Lemma 2.2.1 and the induction assumption it follows that,
ast — 00,

R(t,5) = o(r~®M=a)(+a)y (2.2.16)

2(R(1,5)) = o(t74V+e) (2.2.17)

for any & > 0 and any 8 > u(n). To see this, let the distribution function G (¢) be chosen

so that 1 — G1(t) ~ ~um+e a5 ¢ — oco. Then, obviously, there exists M such that
1—-G(@) <1—-Gi(¢)forallt > M. Tt is clear that G;(¢) can be re-defined on [0, M ] in
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such a way that 1 — G(¢) < 1 — G (¢) for all t > 0. Making use of Lemma 2.2.1 and the
induction assumption, we arrive at (2.2.16) and (2.2.17).
By differentiating equality (2.2.10) v = [f] times with respect to A, we arrive at

%) (o) v—1 %)
(—1)“/0 e M R(1, 5) dtk[o e MT (1) dH;;(Z)(_l)kfo e MY R(t, ) dt
x ((-1)%’% /oo M KT (@) di + (v — k) (=1) 7! [ooe—“z”—k—lm) dz)
0 0

=(=1)"( —s)/ e M T (1) dt — (—1)“/ e MY g(R(t, 5)) dz/ e MAG(®)
0 0 0
v—1 o0 00
- Z(—l)kf e—“zkg(R(t,s))(—l)“—k/ e MR gG (), (2.2.18)
o 0 0
which can be rewritten in a more simple form as follows:
A(s,A) = (=1)" By (s, 1) — (—1)" Ba(s, 1) + Bs(s, A). (2.2.19)

We estimate the left-hand and right-hand sides of (2.2.19) separately. Let B be not integer.
Thenfor0 <k <v—1

o0 (o]
/ KT (t)dt < oo, f T AG(1) < oo, (2.2.20)
0 0
andas A | 0
* Frv-g+1)
At
Furthermore, in view of (2.2.16) we obtain
S —
/ e Mk R(t,5) dt < oo, P tmWoe (2.2.22)
0 1 +
% ik ((u(m)—e)/(1+a))— u(n) —e
/ e Mt"R(t,s)dt = o(MWVTE )=y, —1l<k<v-1.
0 1+«
(2.2.23)
Besides, as A | 0
o0
/ e MU R(t, s)dt = o(A @M=/ (I+a)—v=1y (2.2.24)
0

Combining (2.2.20)—(2.2.24) and recalling (2.2.11), we see that, as A | 0,
A(s, 1) = oA =)/ +a)=vy 4 (1), (2.2.25)

The same reasoning yields, as A | 0,

Bs(s,A) = o(A¥™7V78) 4 0(1). (2.2.26)
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Now we observe that for non-integer 8 € [u(n),u(n + 1))
v—(um)—e)/0+a)<v—-—p+1, v—um)+e<v—p+1

for ¢ small enough. Hence, with account for (2.2.18), (2.2.19), and (2.2.21), it follows that,
asA | 0,

(1-y) /Ooo eMET () dt ~ /Ooo e MtV g(R(t,s)) dt.

Applying Lemma 2.1.1 to the last relation, we arrive at (2.2.14) for non-integer f €
[u(n),u(n 4+ 1)). For integer B € [u(n),u(n + 1)), the proof is similar with regard for
the fact that, as A | 0,

/ooe*“t‘HT(t) dt ~ L3(1/2),
0
foo e M1V dG(r) ~ La(1/1).
0

From (2.2.14) in the same way as in the case 8 € (0, 1) we find that the theorem is true.
Since

lim u(n) =1+a™",

n—>oo
the above reasoning is applicable to all 8 € [1,1 + 1 /). If 8 > 1 4 1/«, then, as we have
seen, (2.2.3) is broken. Thus, it remains to considerthecase f = 1+ 1/a. If 8 = 1 + 1 /¢,

then from (2.2.2), (2.2.3), and (2.2.5) it follows that L,(¢)/Lo(t) — 0 ast — oo. In
accordance with Lemma 2.2.4 we choose n = n(t) so that

L(n@) _ 0 (Lo(l)) .

n(t) t

Recalling (2.2.5) and Lemma 2.2.3, we see that, as t — oo,

n(t) - oo, n(t) =o(t),

0<R(t,s)< R(,0)<1—hpy(0)+1—G*(t) = ot *Ly(1)).

Using the last bound instead of (2.2.16) from (2.2.19) we derive (2.2.14) in the same way
as for B € (1,1 + 1/a). The proof of the theorem is thus complete. O

2.3. Convergence of finite-dimensional distributions

As in Section 2.2, we assume that p(¢) is the number of particles in a critical Bellman—
Harris branching process whose distribution function of the life time of a particle is G(¢)
and whose generating function of the number of direct descendants of a particle is /A(s).
Under the hypotheses of Theorem 2.2.1, we arrive here at a limit theorem for conditional
finite-dimensional distributions of the process.

THEOREM 2.3.1. Let the hypotheses of Theorem 2.2.1 be fulfilled. Then the finite-
dimensional distributions of the process {u(tt),t € (0,1)} under the condition that
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n(t) > 0 converge, ast — 00, to the finite-dimensional distributions of some stochastic
process {n(z), T € (0,1)}, and

Y
n n

n i—1 n Y i—1
EHSI."(”) = Z rifﬂ(l —8) 1_[ si |+ Hsi — Z rfﬂ(l —8i) 1_[ Sj
i=1 i=1 j=1 i=1 i=1 j=1
forallsy,...,sp€[0,1,0 <11 <--- <7 <1, wherey = 1/(1 + a).

We observe that

Es" =@ PU-5)+5)) - P1-5) -0, -0,

fors € (0,1) and 7 € (0, 1), hence

P
n(r) — oo, T — 0.

This points to the fact that in the class of Bellman—Harris branching processes under con-
sideration there should be ‘many’ particles at time t as T — oo, T = o(¢), under the
condition that the process does not extinct at time ¢. It is easily seen, indeed, that the cor-
responding limit theorem (Vatutin, Sagitov, 1991) holds true. In (Vatutin, Sagitov, 1988b),
critical decomposable Bellman—Harris branching processes with several types of particles,
which are ‘far away’ from Markov ones, are also investigated. Theorem 2.3.1 is proved in
(Yakymiv, 1984).
In order to prove Theorem 2.3.1, we need the following four lemmas.

LEMMA 2.3.1. For some B > 0 and a slowly varying at infinity function L(t), let
T(t)=1-G@)=t"PLo(t), >0,

that is, let (2.2.2) hold, and let a function f(t) be regularly varying at infinity with index
p > B and be integrable with respect to G in any finite interval inside [0, 00). Then, as
t — oo,
! B
| rwdcw ~ Lo,
0 p—p
LEMMA 2.3.2. Let a function r(t) be defined for t > 0, do not increase, and be regu-
larly varying at infinity so that r(t) — 0 ast — oo. Then there exists a slowly varying at
infinity function [(t), [(t) — 0 as t — 00, such that for allt > 0

/t r(u)du < tl(t).
0

LEMMA 2.3.3. Let a function T (t) = 1 — G(t) be weakly oscillating at infinity, that is,
T(t)/T({) > last — oo, T =t + o(t, let a function r(t) > 0 be defined fort > 0, do
not increase, and r(t) — 0 ast — oo. Then for any ¢ € (0, 1)

1(t) = /t rt—u)dGu) = o(T(t)), t — o0.

t
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We set
q(t) =P{u@) >0}, 120
LEMMA 2.3.4. Let the hypotheses of Theorem 2.2.1 be fulfilled. Then, as t — oo,
q(t) = o(tT(1)).

PROOF OF LEMMA 2.3.1. Without loss of generality (Theorem 1.1.3), we assume that
f(¢) is differentiable, while

f1@0) ~pf(0)/t, - oo, (2.3.1)

Then, by integrating by parts, with the use of (2.3.1) and the well-known property of an
integral of a regularly varying function (Seneta, 1976, Theorem 2.1), we obtain

f Fw)dGu) = f F@dTw) = — f@)T @l + / T(w) S (u) du
0 0 0

=T /() + (1 + o(l))pi—ﬁT(nf’(z) +0(1)
=—T@) /(1) +(1+ 0(1))$T(t)f(t)
P TS0, 1o,

=0 +o(1)—
o

which is the desired result. [l
PROOF OF LEMMA 2.3.2. The relations
¢ In(1+¢) t
/ r(x)dx = / r(x)dx ~|—/ r(x)dx <r0)In(l +1¢) + tr(In(1 + 1))
0 0 In(1+417)
_, (r(O) In(1 +7¢)
N t

+ r(In(1 4+ t))) =tl(t)

are true. The function /(¢) just defined by the last relation satisfies all hypotheses of the
lemma. The lemma is thus proved. O

PROOF OF LEMMA 2.3.3. We fix some ¢ € (0,1 — ¢). Then

t(1—e) t
1(t) = f r(t—u)dG(u) + /(1_ )r(t —u)dGu) = Li(t) + L(2).

t

For I;(t), the elementary estimate

I (t) <r(te)T(ct) = o(T (1)), t — 00,
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is true. Further,

t . t
L) = _/z(l—e) rt—u)dT W) =—rt —w)TWlq— + /t(l_g) Tw)dr(t —u)
=Tkl —¢e))r(te)—T(t)r(0)— /ts Tt —v)dr(v)
0
=Tl —¢e)r(te)—T()r(te) — /m(T(t —v)—=T())dr(v).
0
Therefore,
. L) . Tt —v) . T((1—¢))
htnl)solip 0 htnl)solip /0 (W — 1) dr(v)| < htnl)solcl)p (T — 1) r(0).

So, we obtain

. L) _ . (T(l(l —¢)) )
lim su < limlimsup| ————= —1}r(0) = 0.
t_>oop t £—0 t—)oop T(t) ( )
The lemma is proved. O

PROOF OF LEMMA 2.34. For t > 1, let a(f) = 1 — hp(0). Then relation (3) in
(Vatutin, 1977a) and (2.2.15) yield, as t — oo,

g~ giquy ~ ).

Taking (2.2.3) into account, we see that, as t — oo,

gq@) T
gla@)  a@)
Then ¢(t) = o(a(t)) as t — o0, so that
. tT(1) 1T
minf =0y = A T

)

which proves the lemma. O

PROOF OF THEOREM 2.3.1. We fix an arbitrary ¢ € (0, 1) and set

Iy ={t:t >0},
Th={xix=(0x1,...,Xn), 05 ex, <x1 < x3 < -+ < Xp}, n>2,
R ={xix=(x1,....x), x; >0Vi=1,...,n},

Ay ={s:s=(s1,...,8), 5i €[0,1]Vi = 1,...,n},

o, = intT,, C, = intT;, where I, is the cone dual to the cone ', (see the beginning of
Section 1.3),

n
Fax.s) = 1= Ra(x.s) =E[ ] sf™ 4 = Ri(1.0).
k=1
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where x = (x1,...,x5) € Ty, s € Ap, t =2 0. Let L,(f)(A) and [,(U)(A), A € Cy,
denote, respectively, the Laplace transform of a function f(x) > 0 defined in I', and of a
measure U in R” over the cone I';:

La(/)0) = f 00 fydy, () = f =9 U(d),

n n

We fix somen > f+1ands = (s1,...,5,),5 € Ap\{ex}. By calculating the mathematical
expectation of ]_[Z:1 s,‘:(x"' ) under fixed time of death of the initial particle and the number

of its offspring, and then averaging, we arrive at the integral equation for F,(x, s)
X1
Fu(x,s) = / h(Fp(x —uey,s)dG(u)
0
X2
+ 81 / h(Fu1((xa =ty .o X0 —u), (S2,...51)) dG(u) + -+
X1

Xn
+s1~-sn_1/ h(F1(xn —u,$,)) dG(u)
Xn—1

+ 5150 T(xn),

As shown in (Esty, 1975), F,(x, s) is monotone in each of the variables xx, k = 1,...,n.
Setting f(t) = 1 — h(1 —¢t), from the last equation we obtain

Ry(x,8) = ¥u(x,s) + /:l f(Ry(x —ueyn,s))dG(u) + 81(x,s), (2.3.2)

where
Yn(x,8) =1 —s)T(x1) + -+ 51 Su—1(1 —80) T (xn),

81(x,s) :slf 2f(Rn_l((xz—u,...,x,,—u),(sz,...,s,,)))alG(u)—i—...

Xn

51 St SRy (xp —u,s50)) dG(u).

Xn—1

Since
Ru(x,5) = g(Ru(x,5)) + [(Ru(x.5)),
where, as before, g(t) = h(1 —¢) — 1 + ¢, from (2.3.2) it follows that
g(Ru(x,5)) = Yn(x,5) + 81(x, ) + 82(x,5), (2.3.3)

where

X1
S2(x,8) = / f(Ry(x —ueyn,s)dGu) — f(R,(x,s)).
0
From (2.3.3) for A € C,, we derive

Ln(g(Rn))(A) = La(¥n)(X) + Ln(81)(A) + Ln(82)(1) (234
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(the Laplace transforms are over x). We observe that

L, ( / " S (Rux = uens)) dG(u))
0

oo 0 cxq Xn
=/ dG(u)/ e_)‘lxldxlf e_}‘"x"dxn/ e X2 gy
0 u X1 X
Xn

X oo X / e_l"*lx"”f(Rn(x —uep,s) dxp—1
Xn—2

o) o) cvi+bu v,
=/ e V¥ dG(u)/ e_k"”dm/ e_)‘”””dvn/ etz gy,
0 0 V] V1

Un
X eee X / eThn=1vn=1 £ (R, (v, 5)) dug—
v

n—2
=L(G)W)La(f(Rn))(A) + I(A), (2.3.5)
wherec =1/e,b=c—1,v=A1 4+ A, v = (V1,...,Uy),

o0 00 cvy+bu vy
I(2) :/ e_”"dG(u)/ e_)“’”dvl/‘ e—)»nvndvn/ =R gy,
0 0 ¢ -

V1

Un
X e x/ e An=1Vn=1 £(R,(v,5)) dvp_y (2.3.6)
Un—2

(we change variables as follows: vy = xx —u, k = 1,...,n). Everywhere below we
assume that A € R’}. By virtue of (2.3.6),

o o) cvy+bu
I\ < / e dG(u) / e MV gy, / (Vn — v1)" "2 (v1) duy,
0 0 c

V1

where r(t) = f(q(t)) (because R, (v,s) < R,(v,0) = ¢(vy)). Since (v, —v1) < b(vy +u)
in the domain of integration, we see that

IMN<C [0 e dG(u) /0 - e (x)(u + x)" 2 dx

where C = " !, £ = A;. Dividing the integration domain in the last integral into two
parts corresponding to the inequalities x < u and x > u, we obtain

IV = LHiA) + 1(A), (2.3.7)

where

oo

Ly =c¢ fo e udGu) /0 L () w X  dx,

LV =c/0

oo

o
e P*udGu) / e r(x)(u + x)" 2 dx.
u
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We estimate /; and 7, separately:
o0 u
ILi(A) < C2”_2/ e vy ! dG(u)/ r(x)dx
0 0
o0
< C2"72/ e V*u"l(u) dG(u),
0

where the function /(u) is chosen in accordance with Lemma 2.3.2. By Lemma 2.3.1, in
view of our choice of n, as t — oo we find that

Ii(A/t) = O("T()[(t)) = o(t"T(2)). (2.3.8)

Let us turn to estimating the integral /5:
[e.¢] oo
L(\) = C/ e ""u dG(u)/ e E () (u + x)" 2 dx
0
oo “ oo
< C2”_2/ e u dG(u)/ e 8 (x)x" 2 dx
0
oo uOO
< C2”_2/ e u dG(u)/ e~ (x)x" 2 dx.
0 0
Since n > B + 1 and by virtue of Lemma 2.3.4
q(t) =0T (@),  t— o0, (2.3.9)
if fooo udG(u) < oo and t — 0o, then
L(A/t) = O(q()"™ ) = o(t"T(1)). (2.3.10)

In the case where f0°° u dG(u) = oo, for some slowly varying at infinity function /o (¢) we
see that

/t udGu) = tT(0)lo(7)
0

so that

LG = 0 ( [o " dG(u)) 01" 1q(1))
= l”T(t)O(q(t)lo(Z)) =o(t"T (1)), t — 00, 2.3.11)

because ¢(¢) in our case is regularly varying with negative index (Theorem 2.2.1). From
inequalities (2.3.8), (2.3.10), and (2.3.11) it follows that

I(A/1) = o(t"T (1)), t — o0. (2.3.12)
From (2.3.5) and (2.3.12) as t — oo we arrive at

Ly(82)(A/1) = La(f(Ra)) (/1) (1 = [ (G))(v/1) + o(t"T (1))
= O(La(g(x1))A/ )W/ L(T)(v/1) + o(t"T(2))
= 0" g L1(T)(v/t) + o(t"T(t)) = o(t"T(¢)) (2.3.13)
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(for B > 1 the last equality in (2.2.13) immediately follows from (2.3.9); for 8 < 1 it is
obvious). For x € I';, we see that

i) < [ P g — ) dGQ) + - + / " g — ) dG ()
< /XZ q(x2 —u)dGu) +--- + an q(xp —u)dG(u).

Therefore, by virtue of Lemma 2.3.3, for x € Ty, as |x| — oo, we obtain
81(x,5) = o(T(|x)).
Hence we obtain, as 1 — oo, with the use of Theorems 1.5.5 and 1.5.6,
L,(6)(A/t) = o(t" T (1)). (2.3.14)

By virtue of Theorem 1.5.6, L, (¥,)(A/t) is, as t — o0, of the same order of magnitude as
t"T(t). So, from (2.3.4), (2.3.13), and (2.3.14) it follows that

Ly(g(Rn))(A/1) = (1 + o(1)) Lu(¥n)(X/1), 1 — oo.
Hence, with the use of Theorem 1.5.4, we conclude that for any x € o, as t — oo,
g(R,(tx,8)) = (1 +o()Yn(tx,s). (2.3.15)

Since ¢ > 0 is arbitrary, we see that (2.3.15) is true indeed for all x = (xi,...,x,),
0 < x; < Xx3 <-+- < Xy. From (2.3.15) it follows that

g(Ru(tx,5)) = (1 +0(1))gn(x. )T (1), 1 — o0,

where

n i—1
onx.5) =Y [P0 -s0]]s
i=1 j=1
Thus,
Ry(tx,5) = (1 + o(1))(pu(x,5))" q(2), t — oo. (2.3.16)

Forany s € A, \{es},0 < x; <x3 <---<Xx, <1,¢ >0, we see that

£ {ll[SZ(’x” > 0} _ R,,+1(r(x1,...,x,,,1),;s(;;...,sn,0))— Ra(tx.5).

k=1

In view of (2.3.16),the last expression tends to (¢,(x,s) + $1---5,)Y — (@n(x,5))? as
t — oo. The theorem is proved. O
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2.4. The number of long-living particles

As in Sections 2.2 and 2.3, in this section we consider critical Bellman—Harris branching
processes. We preserve the notation of Section 2.3 with one exception: let p(z,¢) for 0 <
T <t be the number of particles in the process which are alive at time t and which will be
alive at time ¢,

Fa(x,s) = 1 — Ry(x,s) = Estx1:x2)

where x = (x1,...,X,) € 0, s € (0,1]. For u(z,1), here we prove the following limit
theorem.

THEOREM 2.4.1. Let the hypotheses of Theorem 2.2.1 be satisfied, and ¢ € (0, 1]. Then
foralls €10,1], ast — oo,

E{s*C) | u(t) > 0} > 1 — (1 —s)”.

We stress that the limit distribution of p(ct,t) under the condition that () > 0 as
t — oo does not depend on ¢ € (0, 1] and coincides with the limit distribution of w(z)
under the same condition. This points to the fact that for any fixed ¢ > 0 for large ¢ with
probability close to one all particles that live at time # are of age exceeding (1 — ¢). Thus,
the process continues its life primarily at the expense of the ‘long-standing’ particles.

The theorem below is proved in (Yakymiv, 1984). Further investigations in this direction
are due to (Topchii, 1980; Topchii, 1982; Topchii, 1986; Topchii, 1987a; Topchii, 1987b;
Topchii, 1988a; Topchii, 1988b; Topchii, 1988c; Topchii, 1990; Topchii, 1991; Sagitov,
1983; Sagitov, 1986a; Sagitov, 1986b; Sagitov, 1989; Sagitov, 1995). Topchii studied the
asymptotic behaviour of critical Crump—Mode—Jagers branching processes Z(¢). In particu-
lar, he established a series of limit assertions concerning processes with long-living particles
(when P{Z(t) > 0} ~ P{X(t) > 0} ast — oo, where X (¢) is the number of particles in
the process whose life times are at least ¢). Besides, he analysed the asymptotic behaviour
of the probability of continuation of the processes Z(¢) as t — oo. Sagitov paid much
attention to the asymptotic behaviour of reduced branching processes (we will present one
of his results in the end of this section).

The main difference between the proofs of Theorems 2.4.1 and 2.3.1 consists of that the
function R;(x,s) is not, generally speaking, monotone in x. Instead of monotonicity, we
will show that R (x, s) is g-slowly varying at infinity in 0. Namely, the following lemma
is true.

LEMMA 2.4.1. Let the hypotheses of Theorem 2.2.1 be satisfied. Then for all x;,x €
opands €[0,1]ast — oo and x; — x

R2(txt’s) - RZ(txvs) = O(q(t))
PROOF. Let us show that
Piu(r, 1) # pu(z,t1)} = o(q(?) (2.4.1)

as t,t,t1 - oo, i/t = 1, v/t = ¢ € (0,1). Lett; > ¢, and let dy,...,dy) be
the particles which are alive at time 7, 01, ..., 0,(;) be their ages at time 7, &1,...,&,()
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be the times of their deaths, and let 4 be the least o-algebra with respect to which
u(t), 01, ..., 0, are measurable. Then

Plu(r.t) # p(r.0)} =EP{3i = 1.... . u(7):& € (t.01] | 4}

=1-EP{Vi =1,...,pu(v):& ¢ (t,11] | A}
wu(r)

=1-E[[Pt& ¢ ¢.n]l 4}
i=1
wu(r)

=1-E[[J0-@@+6—0) =Tt + 6, — 1))/ T(6))
i=1

Rl(‘L', 1 —a),

IA

where
Tt—t4+v)—T(t —1t+v)
a=ual(tt;,t) = sup .

vel0,7] T(U)

In view of the above estimates, to prove (2.4.1) it remains to show that a(¢,#;,7) — 0 as
t —> 00,11/t => 1,7/t — c. Itis easily seen, indeed, that

Tt—-t+v)—Tt—t+v) Tl—1+0) T(ti—1740v)
T(v) T T() T —1+v)

‘ T(ti—1+v)

<l -7

- T({t—1t+v)

ast — oo, t1/t —> 1, v/t — ¢ € (0,1) uniformly in v € [0, 7], because 7T'(¢) regularly
varies at infinity. Let is show that

P{u(ri.1) # (2. 1)} = o(q(1)) (242

ast — 00, 11/, 12(t) — ¢ € (0, 1). Without loss of generality, let 7y < t,. Let by,..., by,
be the particles which are alive at time 7 and born in the interval (71, 2], vi, . . ., v, be their
ages at time 7, Uy, ..., Uy be their life times, and B be the least o-algebra with respect to

which 7, vy, ..., v, are measurable. Then

P{u(t1,1) # pu(r2, )} =EP{Ii = 1,....,n:u; >t — 1 + v; | B}

3 Gt — 12+ v) — G(vy)
=1-E[l T(w)

< Ri(x2,1 = b),

where

b=>b(11,12,t) = sup (1

0<v=<r—T1

Git—1+v)—-G()
- T(v) ) ’

because < u(rz). But

_G(t—fz—i—v)—G(v) _Tt—12+v) - T(t —12)

: T Tw - Tm-n)
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ast — 00, 11/t, 12(t) — ¢ € (0, 1), because
(t—1)/(t1a—11) > 0.

Therefore, relation (2.4.2) holds. From (2.4.1) and (2.4.2) it follows that, as t — o0,
t/t>ce(0,1),1/t > 1,11/t —> 1,

P{u(ri.t) # p(r.0)} = o(q()). (2.4.3)
The lemma now follows from (2.4.3) and the definition of the function R»(x, s). O

PROOF OF THEOREM 2.4.1. Let t be the time of death of the initial particle, and let v
be the number of particles it therewith produces. Calculating E{s*1-¥2) | ¢ v} and then
averaging, for x € [, and s € [0, 1] we find that

Fy(x,s) = /(;X1 h(Fy(x —uey, s))dG(u)

+ / 2(S(l —h(l =q(x2 —u))) + h(1 —q(x2 =) dG(u) + 5T (x2),

1

hence we obtain
g(Ra(x,5)) = (1 = )T (x2) + 81(x,5) + 82(x, 5),

where

51(x.5) = (1 —s)/ * (g2 — ) dGw),

52(x.5) = /o " F(Rax — uen.s)) dG () — f(Ra(x. 5)).

Repeating the proof of Theorem 2.3.1 word for word, for A € R” , 5 € [0, 1), as t — oo we
obtain

Ln(g(r2))(A/1) = Ln(T(x2))(A/0)(1 = 5)(1 + o(1)).
By the second assertion of Theorem 1.5.3,as t — oo

Ln(T(x2))(A/1)

—B
T — La(x,")().

Therefore,
Ln(g(R2))(A/1)

-8 ,
Va0 — L,(x;P) () (1 —s),

hence, by Theorem 1.5.9,
g(Ry(tx,s))/T() — (1 —s)xz_ﬂ, t — 00,
or, forx, = 1,ast — oo,

g(Ry((1x1,2),8) ~ (1 =5)T(1).
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Since the function g~!(s), which is inverse to g(s), is regularly varying with index y =
1/(1 + «), hence we conclude that, as t — oo,

Ry((1x1,1),58) ~ g (1= )T (@) ~ (1 = )¢~ (T (1)) ~ (1 =5)7q(2)
(the last follows from relation (2.2.15)). Therefore, for ¢ € (0, 1)

E(sC00 yiu(t) > 0}) _ EsHe0D — E(s#00 yiu(r) = 0})

E{s*CD | u(t) > 0} =

q(1) q(1)
Fr((c -1 Ry((c
_ P09 - 14q() | Rt
q() q(1)
as t — oo. The theorem is thus proved. (I

In conclusion, we present an intriguing result obtained under the hypotheses of The-
orem 2.2.1 in (Sagitov, 1989). For 0 < t < ¢, let v(z, ) be the number of particles which
are alive at time 7, die before time ¢, but have non-empty offspring at time 7. We set

oo

un =Yy 6*wmn. =0

k=0

Since relation (2.2.2) holds, U(?) is regularly varying at infinity with index & = min(1, B).
We introduce the function

0(1) = max{0: (1 + 0)U(0) = 1/9(q1))},
where

p(x) = M, x € (0,1].
X

Roughly speaking, Sagitov’s result consists of that the mentioned long-living particles ap-
pear in the time interval [¢6,s7!60]. More precisely, let us consider one more branching
process with two types of particles 77 and T5. Let p;(¢) be the number of particles at time
t under the condition that one particle of type 77 of zero age exists at time ¢ = 0, and
there is no other particle. As concerns the particles of type 77, we assume that they form
a Bellman—Harris branching process with the generating function of the number of direct
descendants of a particle s + y (1 — s)!*® and the distribution function of the life time of a
particle H(¢) such that

* At A° -
MA@ =1+ ——— > 0.
/0 ™M dH (1) ( +F(0+1)) . A=0

If a particle of type T, when dying, produces no particle of type 77, then it transmutates
into a particle of type 7. The particles of type 7> are not subject to change after birth. Thus,
the process (p1(t), p2(t)) is a critical Bellman—Harris branching process with particles of
final type (it is Markovian for ¢ = 1). For fixed r;, s; € [0, 1), we set

fults, .. ty) = Erlpl(tl) - r,’f‘(’")sfzm) oeosp2in),

In (Sagitov, 1989), the following theorem is proved.
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THEOREM 2.4.2. Let the hypotheses of Theorem 2.2.1 be satisfied. Then for T =
(T1,...,Tn)

Ery 0y Dt L0 oD | () > 03 = (5) + en(0. 7).

where €,(t,T) = 0ast — oo uniformlyin0 <17y <--- <1, < 1.

Along with the mentioned works, Tauberian theorems were used in studies related to
branching processes in (Bingham, 1988; Bingham, Doney, 1974; Bojko, 1982; Bojko, 1983;
Weiner, 1990; Seneta, 1969; Seneta, 1973; Seneta, 1974).
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Random A-permutations

3.1. The number of A-permutations

It is well known that any permutation can be decomposed into cycles. For example, the

permutation
o= 1 23
T\3 21

has one cycle of length 1 (2 goes to 2) and one cycle of length 2 (1 passes to 3, while 3,
to 1).
We fix some set A € N = {1,2,3,...}. A permutation of degree n

(1 2 ... n)
o = . . .
1 12 ... In

is called an A-permutation (Sachkov, 1997, Section 5.0.2), if the lengths of the cycles in
o belong to the set A. Let T, = T,(A) denote the set of all A-permutations of degree 7.
In our example, s € T3(A) if 1,2 € A. Let {,,, denote the number of cycles in a random
permutation uniformly distributed on T}, which are of length m € A, {, be the total number

of its cycles:
{n = Z Snm-

meA

In this chapter, | X| stands for the number of elements of a finite set or for the Lebesgue
measure of an infinite set X .

In this chapter, we find the asymptotic behaviour of |T,| as n — oo, as well as the
asymptotic behaviour (in the weak sense) of {,,, and ¢, as n — oo for fixed m € A for
various kinds of sets A.

In the course of solution of these problems, we go from simple to complex. In this
section, we will find the asymptotic behaviour of |T;| as n — oo under the assumption that
the set A is of unit asymptotic density:

lm:me A, m <n|/n—1, n— o0o. (3.1.1)

In Section 3.2, we investigate the asymptotic behaviour (in the weak sense) of ¢,,, and ¢,
as n — oo for fixed m € A under the same assumption (3.1.1). In Section 3.3, we consider

111
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the same problems but for sets A of positive asymptotic density. Sections 3.4 and 3.5 are
of auxiliary nature: here we discuss examples of sets A for which the corresponding limit
theorems are true. In Section 3.6, we consider the case of a random set A.

We set

Am) ={m:m e A, m < n}, B =N\ 4,
B(n) ={m:m € B, m < n}, l(n) = Z 1/m,
meB(n)

foranyt > 1

16 = 1), L@) =exp(=1(1)), g(z) =) ="/n, z€[0,1].

neB

As above, we write f(x) ~ g(x) as x — a,if f(x)/g(x) — 1 as x — a. The following
theorem is true.

THEOREM 3.1.1. Let (3.1.1) hold. Then
|Ty| ~ n! L(n), n — oo. 3.1.2)
In (Bender, 1974; Pavlov A., 1987), the cases are considered where B is finite and where

the series ) _,,c g 1/m converges, respectively.
COROLLARY 3.1.1. The sequence b(n) = |T,|/n! is slowly varying at infinity, that is,

b([An])/b(n) — 1, n — 00, (3.1.3)

for any A > 0 if and only if (3.1.1) holds.

Thus (see (Seneta, 1976, Section 1.5)), if (3.1.1) holds, then |7}, | tends to infinity faster
than n~¢n! for any fixed ¢ > 0.
In order to prove Theorem 3.1.1, we need five lemmas.

LEMMA 3.1.1. Let (3.1.1) hold. Then the function L(n) is slowly varying at infinity.
LEMMA 3.1.2. Let (3.1.1) hold and b(n) = |T,|/n!, b(0) = 1. Then, as z 1 1,

> bz ~ IITZL(I/(I —2)). (3.1.4)

n=0

LEMMA 3.1.3. Asz 1 1, for some o > 0 and a slowly varying at infinity function L(t)
let

> bn)z" ~ O_%)(}(L(l/(l — ), (3.1.5)
n=0

where b(n) are some non-negative numbers, and as n — oo, k = o(n), let

n+k
b(n + k) — b(n) :o(z b(i)/n). (3.1.6)

i=0

Then, as n — oo,
b(m) ~n*1L(n)/ T(a).
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LEMMA 3.1.4. Let (3.1.5) hold, and as n — 0o, k = o(n), let

n+k
b(n+k)—b(n)=0 (Z b(i)/n) )
i=0

Then, as n — oo,

b(n) = Om* ' L(n)).
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LEMMA 3.1.5. Let some non-negative numbers b(n), a slowly varying at infinity func-

tion L(t), and o > 0 be given. Relation (3.1.5) holds true if and only if

> b)) ~n*L(n)/ T (@ + 1)

i=0

asn — oQ.

PROOF OF LEMMA 3.1.1. Since the function L (n) is monotone, it suffices to show that

L(2n)
Ly

n— 0o,

which is equivalent to
[(2n) — I(n) — 0, n— oo.

‘We observe that

2n 2n
1 B(2
0<iCem—Im= Y Um<s- Y | < 18C0)]
m>n, meB n m>n, meB n

by virtue of (3.1.1), which implies (3.1.7). The lemma is thus proved.
PROOF OF LEMMA 3.1.2. By relation (6.3) in (Bender, 1974),

n=0 neB

So, in order to prove the lemma it suffices to show that, as z 1 1,
g = 3" /m=1(1/(1=2) +o(1).
meB
We set n = [1/(1 — z)] and see that
g(z)—1(1/(1—2)) = Ay — Ay,
where

Ay= > "/m, Ay= > (1=z")/m.

meB, m>n meB(n)

ib(n)z" = exp <— Zz"/n) /(1 —2), z €[0,1).

—

3.1.7

(3.1.8)

(3.1.9)

(3.1.10)
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By (3.1.1) and the definition of n,

0<A, =< Z (—mInz)/m = —|B(m)|Inz = —nlnzo(1l) = o(1), z 4 1.

meB(n) 3.1.11)
We fix an arbitrary M € N. For ¢ = —In z, the relations
BnM > BnM 0 pmEx
OfAlfw‘i‘ Z Zm/mfw_,_/ e_dx
n m=nM+1 n nM X
BnM *©
R
n In(enM)

are true (the change y = In(ex) is carried out in the former integral). Hence
oo
limsup Ay < / eV dy.
ztM In M
Since M is arbitrary, we see that
Ay =o(1), zt 1. (3.1.12)
Now (3.1.9) follows from (3.1.10)—(3.1.12). The lemma is proved. O

Lemmas 3.1.3 and 3.1.4 follow from Theorems 1.5.7 and 1.5.8 respectively (it suffices
toseta(m,n) = b(n), o = 1, r(t) = t'77 L(¢)/ T'(y) in these theorems). Lemma 3.1.5 is
the well-known Karamata theorem, whose various extensions are given in Section 1.3.

PROOF OF THEOREM 3.1.1. We set
b(n) = |Ty|/n!, neN, bO)=1, b(-1)=0, Amn) =bmn)—bn-1).

From (3.1.8) it follows that

Z A(n)z" = exp(—g(2)). (3.1.13)

n=0

We differentiate (3.1.13) with respect to z and obtain

neB

Do nAm:" ==y " exp(—g(2)).
n=0

Hence, forany n > 0

nA(m) =— Y An—i),
ieB(n)
or

1
bn) =bn—1) = —— > AG). (3.1.14)

jEM(n)
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where
M(n)={j:0<j<n n—je€B}

From (3.1.14) it follows that for any kK > 0

bn+k)y—bn—1)=—
JEM (n+i)

1 .
i 2 A0

1

J’_

> G =b(G—1)

i

k
2
i=0

k
2
i=0

jeMm+i)

1 k 1 k 1
Z(J) . Z n+i Z n+i
j=0 i=0,ieB(n—j) i=0,ieB(n—j+1)

/ k 1 k—1 1

L] I S
j=0 i=0,ie B(n—j) nti i=—1,ieB(n—j) n+it+l

! k—1 1

e b / _—
];0 ) (; CE I EEE))

+xB(n+k—j)_xB(n—1—j))
n+k n ’

where / = n + k, xp(x) = 1 forx € B and xp(x) = 0 for x ¢ B. Hence it follows that
for all integers /, n, 0 < n </, there exists # € [—1, 1] such that

l
DD~ b = 60 +2-m) %~ LS b sl — )~ = ). GLIS)
j=0

where
1
Sp=Y_b()).
j=0

Thus, b(l) — b(n) = O(S;/n) asn — oo, —n = o(n). Therefore, from Lemmas 3.1.2
and 3.1.4 it follows that, as n — oo,

b(n) = O(L(n)). (3.1.16)

For any sequence of sets U(n) < {0,1,2,...,n} of asymptotic density zero (that is,
|U(n)|/n — 0 as n — 0o) we easily see that

> L(j) = o(mL(n)). (.1.17)

jeU(n)
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because for any ¢ > 0
L) =325+,
jeUn)
where the summation in X is over j € U(n), j < ne,and in X5, over j € U(n), j > ne,
and, since
5 < UM sup L(j) ~|Um)|L(n) = o(nL(n))
ne<j<n

as n — 0o, we obtain

[ne]
limsup 3 L(/)/(1L(m) = Tim 3 L(/)/(nL(m) = e,
j=0

n—oo

JjeU)

which implies (3.1.17) because ¢ is arbitrary. From (3.1.15), (3.1.16), and (3.1.17) it follows
that b(/)—b(n) = o(L(n)) asn — oo and/—n = o(n). Karamata’s theorem (Lemma 3.1.5)
implies that S,, ~ nL(n) as n — oo. In other words, as n — oo and / — n = o(n),

b(l) —b(n) = o(Sy/n). (3.1.18)
With the use of Lemma 3.1.3, from (3.1.18) we find that b(n) ~ L(n) as n — oo. The
theorem is thus proved. O

PROOF OF COROLLARY 3.1.1. If (3.1.1) holds, then, by virtue of Theorem 3.1.1,
b(n) ~ L(n) asn — oo. By Lemma 3.1.1, L(n) is slowly varying at infinity, so is the
function b(n). Vice versa, let the function b (n) be slowly varying at infinity. As we have
seen (formula (3.1.8)), the generating function for b(n) is

Zb(n)z” =exp (—Zzn/n) /(1 —2), z e (0,1).
n=0 neB

So, by Karamata’s theorem (Lemma 3.1.5), the function exp (— D e z"/ n) must be
slowly varying at 1. Thus, as A | 0,

Z(e_}‘" —e M) /n 0.
neB

Hence it follows that

> eMi—e?/n—0. Al (3.1.19)
neB, n<1/A
But by virtue of the inequality 1 — exp(—x) > x/e, x € [0, 1],
oo et —e?/nz > e = AB(1/A])] /e
neB, n<1/A neB(1/A])

So relation (3.1.19) yields

Q| >

AB(1/AD[ =0, A ]0,

which implies (3.1.1). The corollary is thus true. O
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3.2. Auxiliary limit theorems

As in Section 3.1, here we assume that the set A has the unit asymptotic density:
lm:me A, m <n|/n—1, n — oo. (3.2.1)

Let {nm stand for the number of cycles in a random permutation uniformly distributed on
T, of length m € A, and let ¢, be the total number of its cycles:

é‘n = Z gnm-
meA

Let us prove the following two limit theorems.

THEOREM 3.2.1. Let (3.2.1) hold. Then the distribution of the random variable

o _ bl

weakly converges, as n — 00, to the standard normal law, where

I(n) =Inn— Z 1/m

me B(n)

(as above, B=N\ A, B(n) ={m:m € B, m < n}).

THEOREM 3.2.2. Let (3.2.1) hold. Then for any fixed m € A the distribution of the ran-
dom variable {py weakly converges, as n — 00,. to the Poisson law with parameter 1/ m.

The proof of these two theorems was first published in (Yakymiv, 1990a). Special cases
of finite B and of converging series ) _,,c g 1/m were considered, respectively, in (Bender,
1974) and (Pavlov A., 1987). Theorems 3.2.1 and 3.2.2 extend also the known results
obtained in (Goncharov, 1962). The case A = N is now investigated much better. The
studies (Volynets, 1987; Volynets, 1988a; Volynets, 1988b; Pavlov A., 1988; Pavlov Yu.,
1982; Pavlov Yu., 1988) and the monograph (Kolchin V., 1999) yield the complete spectrum
of limit theorems for the probabilities P{{, = m} as n — oo under various kinds of
behaviour of m = m(n). In (Timashov, 1998; Timashov, 2003), asymptotic expansion is
given for these probabilities in powers of 1/m in the domain 1 < a9 < n/m < a; < 00
as n — o0o. Besides, in (Timashov, 2003) the probabilities P{¢, = m}, P{¢, < m},
P{¢, > m} are estimated in the domain 0 < yp < m/Inn < y; < oo with remainder term
of order of magnitude O((Inn)~2).

COROLLARY 3.2.1. Asn — oo, let

Z 1/m = o(/Inn).

meB(n)

Then Theorem 3.2.1 remains true with [(n) replaced by Inn.

Let us consider an example where the centring function in Theorem 3.2.1 cannot be
replaced by Inn. We set

B=1{j:jeN, j=[iInfi]forsomei € N},



118 3. Random A-permutations

where 8 € (0,1/2]. Then, as n — oo,
o m=(1=p ' Fm) >
me B(n)

where c¢ is some constant depending on . So, Theorem 3.2.1 is true with /(n) replaced by
Inn—(1-p)"! lnl_‘g(n) but not by In n. By virtue of Theorem 3.1.1, in this case

|Ty| ~ n! exp(—(1 — B)"' In' P (n) — ¢), n— oo.
REMARK 3.2.1. If (3.2.1) holds, then
[(n) ~Inn, n — oo.

This follows from the fact that the logarithmic density of the set A exists and is equal to one
in the case under consideration (Postnikov, 1988, Section 3.1).
Briefly speaking, we prove Theorems 3.2.1 and (3.2.2) in the following steps:
(1) With the use of Theorems 1.5.7 and 1.5.8, we find the asymptotic behaviour of the
variables
T,
| n"" E exp(Lux/+/1(m)) (3.2.2)

as m,n — 00, x is fixed, where we set 1/+/I(m) = 0 for /[(m) < 0, which, by
formula (0.13) in (Sachkov, 1997, Section 5.0.2), obey the relation

S k
Za(m,n)v” = exp (Z % exp(x/dl(m))) , velo,l). (3.2.3)

keA

a(m,n) =

n=0
(2) From the asymptotic formula obtained for a(m, n) we derive Theorem 3.2.1.

(3) From the equality
k

}'l| _ k_n _ z Zm
- P{lym = k}x"z" = exp Z?+(x—l); , x,z € (0,1],

keA

2

n=0k=0

(3.24)

(see formula (0.14) in (Sachkov, 1997, Section5.0.2)) and Theorem 3.1.1 we arrive at
Theorem 3.2.2.

We fix some real x and «, and set

JO=Y " s=Y 1 Fo=ew(f0). 0=r<1,
meA meB
2
hw = exple/ VI, Loy =hmesp[ ~ 3 4 %)

meB(n)
r(n) =n'Y*L(n) = n® exp(I(n) + x2/2)h(m), n eN.

Here the functions /(n), L(n) differ from those introduced in Section 3.1.
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LEMMA 3.2.1. There exists « > 1 such that for any A > 0, as n — 00,

Z exp(—im/m)ym® " exp(l(n)h(m)) ~ A% (a)n® exp(l(n) + x/I(n) + x2/2).
m=1 (3.2.5)

PROOF. Without loss of generality, let /(n) > 1 for all n € N. We divide the sum in
the left-hand side of relation (3.2.5) into the sums X, ¥,, and X3 over m € [1,n/Inn),
m € [n/Inn,nlnn], and m € (nlnn,oco) respectively. For m < n we observe that there
exists a constant C < oo depending on x such that

n m)—1)— l(n
I(n)(h(m) — 1) — x+/I(m) < /l( m) C[(( ))
l(n)

X () -1 C——
m“’” () + €8

|x|In(rn/m) + C In(n/m) + C

IA

in view of the inequality
l(n) < I(m) + In(n/m), m < n. (3.2.6)
Thus, setting B = |x| + C and @ = B + 1, we obtain
1(n)(h(m) — 1) < x/I(m) + C + B1n(n/m).

Therefore, as n — oo,

[n/Inn]
=0 (nﬂe“”) Z exp(xv/1(m) )) = o(n® exp(I(n) + x+/1(n)). (3.2.7)

For m > n we see that

I(n)h(m) < I(m)exp(x+/I(m)) = I(m) + x/I(m) + O(1) (3.2.8)

asn — oo. We set s = exp(—A/2). By (3.2.8), there exists a constant C; < oo such that

T3 < Ce /2 Z s"mP exp(I(m) + x/1(m))

m=nlinn
< CinM? Z s"mP exp(l(m) + x/1(m))
m=1
= o(n“exp(l(n) + x+/1(n))), n — oo. (3.2.9)

Letm € [n/Inn, nlnn]. For some 6 in this interval, in view of (3.2.6) and Remark 3.2.1,
we see that

I(n) 1
wmwng%
<1M=O(M

=o0(1), — 00.
EENIG) M) oo
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Therefore,

2

X X
() exp(x/ /I(m)) = 1(n) (1 = 5

=1(n) + x+/I(n) + 8(n,m),

+ 0(1—3/2(m)))

where §(n, m) — 0 as n — oo uniformly in m. Hence it follows that

s ~exp(l(n) + x/1(n) + x%/2) Z mP exp(Am/n)

me[n/Inn,ninn]

~exp(I(n) + x+/1(n) + x%/2) Z mP exp(Am/n), n— o0o.

m=1
In other words,
¥y ~ (/AT (o) exp(I(n) + x/1(n) + x2/2) (3.2.10)

as n — oo. Relation (3.2.5) follows from (3.2.7), (3.2.9), and (3.2.10). The lemma is
proved. O

PROOF OF THEOREMS 3.2.1 AND 3.2.2. 1. According to (3.2.3), for v € [0, 1)

o0

Z a(m,n)v" = exp(f(v)h(m)). (3.2.11)

n=0
Therefore, for all u, v € [0, 1)
o0
A(u,v) = Z m®* La(m, n)u™v" = Z u™m* 1 exp(h(m) f(v)), (3.2.12)
m,n>0 m=0

where « is chosen in accordance with Lemma 3.2.1. For any fixed u > 0, as n — oo, if we
set v = exp(—u/n), we see that

S()=1In)—Inpu+o(l). (3.2.13)

It is easily seen indeed that, as n — oo,

f()=In(1—v)"! - Z v"/m =1In(n/pn) — Z V™ /m + o(1)

meB meB
=[n)—lnp+ Z 1/m—va/m +o(1)
meB(n) meB

=Iln)—Inp+ Ay — Ay +0(1), (3.2.14)
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where

Av= ) (L—exp(-pm/n)/m.

meB(n)

Ay = Z exp(—um/n)/m.

meB, m>n

For A, the following bound holds true as n — oo:

0<Ars Y (%) Jm= B0 _ ). (3.2.15)

meB(n) n

We fix an arbitrary M € N. The inequalities

B(nM
0<a, < BOMI, > exp(—um/n)
n m>nM

B(nM o B(nM o
< PO [ expopu/m dnf = P [ expexp(ryd
n nM n In(uM)

are true (the change of variables y = In(x/n) is carried out in the former integral), which
yields

o0
limsup A, < f exp(—exp(y)) dy.
n—o0 In(uM)

So, since M is arbitrary, we obtain
Ay = o(1), n— oo. (3.2.16)

Now (3.2.13) follows from (3.2.14), (3.2.15), and (3.2.16). From (3.2.12), taking into ac-
count (3.2.13) and Lemma 3.2.1, we obtain, as n — 00,

A(e ™1 emHmy o ! Z exp(—Am/n)ym®~ ' exp(I(n)h(m))

m=0
~ AT T (@)t exp(l(n) + x /1)) = A %u ' T(@)r(n) (3.2.17)

for any fixed A, u > 0. In other words, the function A(u, v) obeys hypothesis (1.5.36) of
Theorem 1.5.7 with y = 1. We observe that the function /(m) does not decrease, because
form >n

Im)—1(n) =In(m/m)— Y 1/i =0

i€eB(m), i>n
in view of the inequality
m m
Z 1/1'5/ 1/x dx = In(m/n).
i=n+1 n

We fix m € N and set

t =h(m), an=a@m,n), A,=a,—an—1, n=0,
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where a_; = 0. By (3.2.11), for z € [0, 1)
o
> anz" = F(2)' = (1 —2)" exp(—g(2)). (3.2.18)
n=0
Therefore, for any z € [0, 1)
o0
D A" =(1-2)""" exp(—1g(2)). (3.2.19)
n=0
We differentiate (3.2.19) with respect to z and obtain

Y oAzt = —(1=1)(1 = 2) 7 exp(—1g(2)) —1g'(2)(1 — 2)' " exp(—1g(2))
n=0

o0 [e.e]
=—(1-1 Z anz" —tg'(2) Z Apz".
n=0 n=0
Hence for any integer n > 0 we obtain

nAy = (t —1ay—1 —1t Z Ap—i,
i€ B(n)

or

t—1 t
an —an—y = any—= Y A (3.2.20)
n n
JjEM(n)

where M(n) = {j:0 < j <n, n— j € B}. From (3.2.20) it follows that for any integer
k>0

k k
Ap+i—1 1
Apgk — Ano1 = (Z_I)Z;—J;i_tzn—w > A (3.2.21)
i=0 i=0 JjEM (n+i)
As in the proof of (3.1.15), we find that for/ = n + k
1
Do 2 N
i=0 jEM (n+i)
1 k—1 . .
1 xe(l—j) xgn—1-))

— ) — , (3.2.22
.Za’(Z(n+z’)(n+i+1)+ ! n ( )
j=0 i=0

where
1, x€B,
xB(x) = {0’ Y ¢B.
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From (3.2.21) and (3.2.22) it follows that for any integers /, n, 0 < n < [, there exist
7,0 € [—1, 1], such that

l
S S; ot . .
ar—ay = tlt = 1= 4 00 =n) g =~ 3 ay (sl = ) = xp(n = ). (32.23)
j=0

where
1
S[ = Zaj.
Jj=0

Thus, there exists a positive constant ¢; such that for all /, n, m, [ > n > 0,

i

1 .
la(m, 1) = a(m.m)] < — > a(m.i).

i=0

Therefore, by virtue of Theorem 1.5.8, a(m,i) = O(L(m)) as m — oo, i < m.
Hence it follows that for an arbitrary fixed ¢ € (0, 1) and an arbitrary sequence of sets
U(n) € {0,1,2,...,n} of asymptotic density zero (that is, |U(n)|/n — 0 as n — o0) as
n—o00,mxn

> a(m.i)=o(mnL(n). (3.2.24)

ieUy, me<i<n

Let x < 0. Then a(m, n) does not decrease in m. By (1.5.38),

[me] 1 2m [me]
doatm )= — 30 3 i al.j)
j=0 i=m+1j=0
1
~ —r(m)(2% — 1)e” [ay, m — oo. (3.2.25)
m
In other words, the inequality
lim sup Z aim,i)/(nL(n)) < ecy (3.2.26)

n—o00, mx<n ,
’ ieU(n)

holds (in our case y = 1), where the constant ¢, depends on « only. Since ¢ is arbitrary,
from (3.2.24) and (3.2.26) it follows that, as n — oo and m < n,

a(m,i) = o(nL(n)). (3.2.27)
2
ieU(n)

By (1.5.38), since a(m, n) is monotone in m, we obtain

n
nL(n) < Za(m,j), n—o00, mxHn. (3.2.28)
j=0
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Let us prove this in detail. By virtue of (1.5.38), for any fixeda > 0 and b > a, asn — oo
and m < n,

[bm] n
o Y i tal, j) = r(n).
i=[am] j=0
Therefore, since
la—l = ma—l = noz—l7
we obtain
[bm] n
Z Za(i,j) = nr(n)/n* = n*L(n)
i=[am] j=0

as n — oo and m =< n. Since a(m, j) is monotone, hence it follows that

n

Za(m j) < —— ZZa(l Jj) = 1 L(n) =< nL(n) (3.2.29)

j=0 ZMJ =0

as n — oo and m < n. On the other hand, by the same token

n

Za(m j)_ m/2]+ Z Za(z j) =< nL(n) (3.2.30)

j=0 =[m/2]j=0

asn — oo and m =< n. From (3.2.29) and (3.2.30) we arrive at (3.2.28). Relations (3.2.23),
(3.2.27), and (3.2.28) yield (1.5.37). Let us prove (1.5.37) in the case x > 0. Then a(m, n)
does not increase in /1, and by (1.5.38), as m — oo, for fixed € > 0

[me] o [me]
> am. j) < (%) Z Y i lal. )

j=0 =[m/2]+1 j=0
~2%(1 — 27“)—mL(m).
o
Therefore, (3.2.27) holds in the case under consideration as well. Relation (3.2.28) also
holds, because inequalities in (3.2.29) and (3.2.30) are merely inverted for x > 0. Thus,

(1.5.37) is true for x > 0, too. So, the hypotheses of Theorem 1.5.6 are fulfilled. By virtue
of this theorem, as n — oo,

a(ny,nz) ~r(mn~'"% = L(n)

for any fixed y,z > 0.

2. Upon setting y = z = 1 in the last relation, we obtain, as n — oo,

a(n.n) ~ L(n) =exp [ xv/Im) = Y 1/m+x*/2|. (3.2.31)

meB(n)
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From (3.2.2), taking (3.2.31) into account, we see that, as n — 00,

x2
|7 |Eexp(x§,, /V/I(m)) ~exp | x/I(n) — Z p ~|—7 , (3.2.32)

meB(n)

which with x = 0 again leads to Theorem 3.1.1. By virtue of Theorem 3.1.1, (3.2.32) takes
the form

Eexp(xé’,,/@) ~ exp(x+/I(n) + x%/2), n — oo.
Thus, for any fixed real x, as n — oo,
E exp(x¢,) — exp(x?/2),
where

&y = (G — 1)/ VI(n).

Making use of Curtiss’ theorem, we conclude that Theorem 3.2.1 is true (see Remark 3.2.1).
3. From (3.2.4) it follows that forall k e NU {0}, m € 4,and z € [0, 1)

3] k .
T " 1 !
3 Tlpen =i = (2} Lexp D (3.2.33)
n! m k! ) - i
n=0 i€A, i#m
From (3.2.33) it follows that
n
PIPLum =k} =Y q(v) p(n —v). (3.2.34)
v=0
where
pv) = | v', q(v) = coefzv = — exp ~=). (3.2.35)
v! m) k! m

A simple estimate for g(v) follows from (3.2.25):

1 = k(2 [y
= ——— coef,v -
q(v) mk  Coelz Z !

= 0(m_”/”’/[v/m — k], v — 00. (3.2.36)
By virtue of Corollary 3.1.1, the sequence p(n) is slowly varying at infinity. Therefore,
[n/2] [n/2]

D qW)pn—v) ~ p(n) Y q) ~ pmye™"m™* / k! (32.37)

v=0 v=0
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Further, in view of (3.2.36),

n [n/2]
> qpm—v) <Y p(u) max [g(v)|
v=n/2
v=[n/2]+1 n=0

= O(np(n)) Jmax, lg(W)| = o(p(n)), n—oo. (3.2.38)

From (3.2.34), (3.2.37), and (3.2.38) it follows that
P{tum =k} =e V"m ™%/ k! 4+ 0(1)

as n — oo. Theorem 3.2.2 is proved. O

3.3. Fundamental limit theorems

We use the notation of the preceding section (except as otherwise noted). We intend to prove
the following three theorems.

THEOREM 3.3.1. Asn — oo,
(1) let the relation
lk:k <n,k € A|/n -0 >0, (3.3.1)
hold, that is, let the asymptotic density of the set A exist and be equal to o;
(2) fora constant 1 < C < oo, let
lkik <n kedA m—keAl/n—o? (3.3.2)
uniformly inm € [n, Cn].

Then
|Ty| ~ n'n° ' L(n)e™°7 /T (o), n — oo,

where the function L(n) is slowly varying at infinity, and

L(n) = exp Z I/m—olnn]|,
meA(n)

where A(n) = {m:m € A, m < n}, y is the Euler constant, T'() is the gamma function.

THEOREM 3.3.2. Let relations (3.3.1) and (3.3.2) hold. Then the distribution of the
random variable ), = (§, — [(n))/~o Inn weakly converges, as n — o0, to the standard

normal law, where
I(n) = Z 1/m.
meA(n)
THEOREM 3.3.3. Let relations (3.3.1) and (3.3.2) hold. Then for any fixed m € A the
distribution of the random variable ., weakly converges, as n — oo, to the Poisson law
with parameter 1/ m.
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Theorems 3.3.1-3.3.3 are proved in (Yakymiv, 1991a).

Similar problems for another classes of sets A are considered in (Bolotnikov, Sachkov,
Tarakanov, 1980; Bender, 1974; Volynets, 1985; Volynets, 1986; Volynets, 1989; Grusho,
1993; Ivchenko, Medvedev, 2002a; Kolchin A., 1994; Kolchin V., 1991; Kolchin V., 1992;
Manstavicius, 2001; Mineev, Pavlov A., 1978; Mineev, Pavlov A., 1979; Pavlov A., 1985;
Pavlov A., 1987; Pavlov A., 1988; Pavlov A., 1992; Pavlov A., 1995; Pavlov A., 1997).

More general combinatorial objects, random mappings with constraints on cycle lengths,
are studied in (Sachkov, 1972; Sachkov, 1973) and the monograph (Sachkov, 1997). Let
S,El) and S,$2) be sets of permutations of degree n with odd and even lengths of cycles
respectively. The cyclic structure of random permutations uniformly distributed on some
factor-sets of these sets is considered in (Bolotnikov, Sachkov, Tarakanov, 1977; Bolot-
nikov, Tarakanov, 1977; Tarakanov, Chistyakov, 1976). Additive and multiplicative func-
tions on permutations are investigated in (Manstavicius, 1996; Manstavicius, 2003). It is

worthwhile to note that the set of solutions of the equation x4 = e in the symmetric
group S, (e is the identity permutation) is a set of A-permutations, A = {do,...,d,},
where 1| = dy < dy < -+ < d, = d are all distinct divisors of the number d. This

is probably why so many mathematicians have taken an interest in A-permutations. The
monograph (Kolchin V., 1999) contains a special chapter where the asymptotic proper-
ties of solutions of equations in an unknown permutation are studied. Now, the scheme
known as the Ewens one (Ewens, 1972) is gaining acceptance, where all permutations are
considered but the probability of occurrence of a particular permutation depends on the
number of its cycles, see, e.g., (Arratia et al., 1992; Donnelly et al., 1991; Babu, Man-
stavicius, 2002; Babu, Manstavicius, 1999a; Babu, Manstavicius, 1999b; Ivchenko, Med-
vedev, 2001; Ivchenko, Medvedev, 2002a; Ivchenko, Medvedev, 2002b; Hansen, 1990). In
the context of this scheme, the probability of occurrence of a permutation of degree n with
k cycles is equal to 0% /0(n), where 8(n) = (8 + 1)--- (0 +n — 1) and 6 is some positive
real number. Let S, ; denote the set of permutations of degree n with k cycles. In many
studies, the uniform distribution is defined on the set S, x, and then the cyclic structure of
random permutations in S, x is analysed, see (Kolchin V., 2002; Kazimirov, 2002; Kazi-
mirov, 2003; Timashov, 2001; Cherepanova, 2003). Here we pointed out only a few prob-
lems of virtually unlimited field of research related to random permutations. Surveys on
random permutations can be found in (Kolchin V., Chistyakov, 1976; Kolchin V., 1986; Kol-
chin V., 1999; Stepanov, 1969b; Stepanov, 1969a; Vershik, 1995).

REMARK 3.3.1. The second assertion of Theorem 3.3.1 is equivalent to the fact that
(3.3.2) holds for any sequence m = m(n) such that m > n and m = O(n) as n — oo.

In the next section, we give examples of sets A which obey (3.3.1) and (3.3.2). We fix
some real x and o > 1. For¢ > 0, we set
Li(t) = exp(xy/1(t) + x*/2—ay)/ T (0),
r(t) = exp(l()1* Ly (1) = 1*TT L) L1 (1) = 1*F Lo(1),
where Lo(t) = L(t)L1(¢) (for non-integer ¢, the functions are defined as at [¢]).
In what follows, we need two lemmas given below.
LEMMA 3.3.1. Let (3.3.1) be true. Then for any fixed 1 > 0 as n — oo

fe™™™y =1m)—olnp—oy + o(l). (3.3.3)
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LEMMA 3.3.2. Let (3.3.1) and (3.3.2) be true. Then the numbers a(m,n) defined by
(3.2.2) obey (1.5.37).

We prove Theorems 3.3.1 and 3.3.2 using Lemmas 3.3.1 and 3.3.2 as if they were valid.

PROOF OF THEOREMS 3.3.1 AND 3.3.2. Lemma 3.2.1 remains valid in our case as
well, and its proof remains unchanged. In accordance with Lemma 3.2.1, we choose o > 1
such that (3.2.5) holds. By (3.2.12), for all u, v € [0, 1)

A(u,v) = Z u"m®* Lexp(h(m) f (v)). (3.3.4)
m=0
We set
u =exp(—A/t), v =exp(—p/t)

in (3.3.4), where A, i, ¢ > 0. By (3.3.3) and (3.3.4),

A(u,v) ~ u= %7 Z u™m* 1 exp(h(m)I(t))

m=0
as t — oo. Making use of Lemma 3.2.1, hence we obtain, as ¢t — oo,
A, v) ~ A% T (@)e Y 1% exp(I(t) + x/1(t) + x2/2)
=AU T (@) (0)t%exp(I(t)) L, (1) = A" *u" T (0)r(2).

From Lemma 3.3.2 and the last relation it follows that the hypotheses of Theorem 1.5.7 are
fulfilled. As n — oo, this theorem yields

a(n,n) ~rmn~""% =n°"'L(n)L(n)

= n°"' L(n)exp(xv/I(n) + x%/2 — o)/ T (0). (3.3.5)
For x = 0, from (3.3.5) and (3.2.2) we obtain
p(n) = l:—';l ~n°"'L(n)e /T (0), n— oo. (3.3.6)

Theorem 3.3.1 is thus proved.
Next, from (3.2.2), (3.3.5), and (3.3.6) it follows that, as n — o0,

Eexp(&nx/+/1(n)) ~ exp(x+/1(n) + x2/2),
or
Eexp(x(¢n — 1(n))/v/1(n)) = exp(x?/2), n— oo.

To prove Theorem 3.3.2, it remains to say that under condition (3.3.1)

l(n) = Z 1/m~ olnn, n— 0o,
meA(n)

that is, in the case under consideration the logarithmic density of the set 4

exists and is equal to o (see (Postnikov, 1988, Section 3.1)). |



3.3. Fundamental limit theorems 129

PROOF OF THEOREM 3.3.3. By virtue of relations (3.2.34), (3.2.35), and (3.2.36), for
fixedk e NU {0} andm € A

PPum =k} =) q)p(n—v), (33.7)

v=0

m k m
q(v) = coefv (%) %exp (—%) = O0m™""/[v/m —k]!), v — 00. (3.3.8)

By virtue of Theorem 3.3.1, the sequence p(n) is regularly varying at infinity. Therefore,

(m/n] (m~/n]
D qpn—=v)~pmn) Y q)~ pme " m™* /! (33.9)
v=0 v=0

Furthermore, in view of (3.3.8) and Theorem 3.3.1, we obtain

Y q)pm—v) <Y p(n) max_|g(v)]

_ > n
v=[m«/ﬁ]+l =0 v=m

= O(np(n)0 =o(p(m),  n—ooc.

m_‘/ﬁ
[V —m]!
(3.3.10)
From (3.3.7), (3.3.9), and (3.3.10) it follows that, as n — o0,
P{tum =k} =e V"m™ k! + 0(1).
Theorem 3.3.3 is thus proved. O
PROOF OF LEMMA 3.3.1. First, let us prove that, as A | 0,
f(e_)‘) = > n—ay+o). (3.3.11)
neA(1/1)

We set
A'(n) = U [m,m + 1].

meA(n)
For non-integer z, we set A(z) = A([z]) and A’(z) = A’([z]). As A | 0, we see that

Z 1 —exp(—An) _ / 1 —exp(—Ax)

A/(1/1) X

dx + o(1), (3.3.12)
ned(1/1)
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because
l—exp( Ax)\ exp( )wc) 1 —exp(— kx)
X2
Then )
exp(—An
)\, _ = =
> —— = > 1/n=00In(1/0))=0(1). A0
n<1/A n=<1/i
and . )
—exp(—An
Y =<k ) Un=0(). A0,
n<1/A n<1/A
Next,
1 —exp(—Ax 1 —exp(— o
/ de=/ Mdy:/ fO)dy,  (33.13)
A7(1/0) X AA/(1/4) y 0
where
1 —exp(— , e AM'(1/1),
£0) = ( p(=y)/y. »y /( /2
0, y € AA'(1/1).
We set

p(y) = (1 —exp(=»))/y.
The function ¢(y) monotonically decreases for y > 0:

Py = TP 1mer) _ EDewy o1,
y ¥ y

because 1 + y <e?,y >0,soforanya,b,0<a <b =<1,

b
pO)IAA'(1/M) N[a.b]| < / [ dy = p@[rA'(1/2) N [a, b]l.

Thus,
b
fim sup / £.0)dy < g(a) lim [AA4(1/3) 0 [a. B].
Ao Ja Ao

which yields
b
lim sup/ H)dy < ea)a(b—a). (3.3.14)
A0 a

Similarly we obtain

b
¢(b)o(b ~a) < limnt / ) dy.
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We partition [0, 1] into m equal parts by 0 = ao,ay,dz,...,am = 1. With the use of
relation (3.3.14), we obtain

m—1

1
fimsup [ A,0)dy = Y pla) @i - a)
a0 Jo P

now, if we let m grow without bound and take into account the fact that the right-hand side
contains the Darboux sum for the integral of the function ¢(x), then we find that

1 1
limsup/ H)dy < 0/ o(y)dy.
A0 0 0

Similarly we obtain
1 1
liminf/ AHO)dy = 0/ o(y)dy.
Ao Jo 0
Thus, there exists
1 1
tim [ fidy =0 [ gt a.
A0 Jo 0
From (3.3.12), (3.3.13), and the last inequality it follows that
1— —A - -
3 I=exp(=An) | 0/ 1=expE0) 2yl (3.3.15)
neA(1/x) n 0 Y

We set
A'(z) = U [m,m + 1], z>0.

m>[z],meA

It is easily seen that

—A —yA
Z M =/ Mdy+0(1) (3.3.16)
n>1/A,neA A7(1/3) Y

as A | 0, because

(exr)(—yk))’ _ o0l exp(ph)
y y y:

In addition,

A Z @ < )‘Z exp(n;n)») = AIn(1 —exp(—1))~! = o(1), A 10,

n>1/\ n=0

and

exp(—n) 1
Z — < Z n_2=0(1), Al0.
n>1/\

n>1/\
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Further,

exp(—yA ©
f P 4 = / 2.0 dy, (3.3.17)
A" (1/)) y 1

where

(y) = exp(—=y)/y. y €rA"(1/2),
o 0, y ¢ AA"(1/1).

As above, forany a, b, 1 <a < b < o0,
b
milfuP / o) dy =o(b—a)y(a), V(y) = exp(—=y)/y.
0 a

Thus, for any fixed M > 1

M M 0
limsup/1 a(y)dy = 0/1 v(y)dy < 0/1 V() dy.

A0
Since ~ o
/ gx(y)dyE/ V() dy,
M M

we obtain

hr;‘fg‘p /1 a(dy <o /1 v(y)dy + /M V(»)dy.

Since M is arbitrary, we conclude that

1imSUP/ o) dy = cr/ v(y)dy. (3.3.18)
ro o Ji 1

Foranyaand b, 1 <a <b < o0,
b
liminff o dy =oy(b)b —a).
Mo Jg

Therefore, for any M > 1

M M
lim inf/ an(y)dy > 0/ v(y)dy.
A0 1 1

Thus,

oo

M
liminf/ o) dy > Uf v(y)dy,
Al0 1 1

and because M > 1 is arbitrary, we conclude that

liminf/ a)dy > a/ v(y)dy. (3.3.19)
Mo Jy 1
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Combining bounds (3.3.18) and (3.3.19), we arrive at

/gm)dyw/ v dy. A0,
1 1

From (3.3.16), (3.3.17), and (3.3.20) it follows that

Z @_)Ufwwd% A lo.

n>1/\, neAd 1 y

From (3.3.15) and (3.3.21) we arrive at (3.3.11) with

1] —exp(—  exp(—
y:/ p( y)dy_/ p( y)dy.
0 y 1 y

133

(3.3.20)

(3.3.21)

It is not difficult to see that y is the Euler constant. By setting 4 = N in (3.3.11), we obtain

the relation

In(1 —exp(=1))~! = Z I/n—y +o(l),

n<1/A

which implies that y is the Euler constant indeed. From (3.3.11) it follows that for any fixed

n>0

S (exp(=p/n))

Z 1/m—oy +o(1)

meA(n/u)

meA(n)
It is easily seen indeed that for p > 1
1
> m= [ hady+on)
1/u

m>[n/u], meA(n)

1
d
:o/ —y—i—o(l):olnu—i—o(l),
1

/w Y
where
_ Yy, yeAdm/n, y=[n/ul/n,
hn(y) = .
0 otherwise.
For n <1

1/
Z 1/m=0/ d7y+o(l)=—oln,u~|—0(1),
1

m>n, meA(n/u)

The lemma is thus proved.

Z I/m—oclnpu—oy+o(l), n— oo.
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PROOF OF LEMMA 3.3.2. We fix m € N and set
t =h(@m), ap=a(m,n), Mm)={i:i e NU{0}, n—1i € B}.

For/ >nandk =1 —n,

1
S ael-H-xsn—N= 3 a- 3 4

Jj=0 jeM() jeEM(n)
= > a+ Y @—a).
jeM(), j<k JjEM(n)

So, from (3.2.23) it follows that there exists p € [—1, 1] such that

ap—dp =

W=D 0—n
I’l2

1
p Sr+ SSk - D @k —ap). (3.3.22)

jEM(n)

In the rest of the proof, we assume that m < n as n — oo. From (3.3.22) and Theorem 1.5.7
it follows that

an, = O(R(n)), n— oo, (3.3.23)
where
R(n) =r(m)n~ 7% = n° " Lo(n).

By (3.3.22) and (3.3.23), as j — oo and k = o(j) we obtain

t :
ajrx—aj=—= Y (aipk —ai) + o(R())). (3.324)
< ieM(j)

We fix ¢ € (0, 1) and set
M(n,e)={j:j = ne,n—j € B}.
Substituting (3.3.24) into (3.3.22), as n — oo and k = o(n) we obtain

Sh Sne g ,
aj—an =0 (7) +0 (7) + % > . Y (@ivk —ai) + o(R()))

JEM(n,e) ieM(j)

0 Sne R 12 1
—o(Z) vorun+ L Y 2 Y G- a.

n JEM(n,e) © ieM(j)

(3.3.25)

Since t — 1 as m — oo, from (3.3.23) and (3.3.25) it follows that for a constant C < oo
the formula

— G(n,k,
lim sup lar = an| <Ce& + limsup Gk o)
n—o0, k=o(n) R(I’l) n—o0, k=o(n) I’lR(I’l)
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holds true, where

G, k,e) = Z l Z @ik — ai).

JEM(n,e) * ieM(j)

In other words,
— G(n, k,
lim sup M <limsup limsup M (3.3.26)
n—o00, k=o(n) R(n) e—>0 n—o00, k=o(n) nR(n)

Changing the summation order in G(n, k, €), we arrive at the equality
n n
Gn.k.e) = aipili.n) = ail(i.n),
i=0 i=0

where

I(i,n) = > 1/j.

j=ne, j—i,n—j€B

Thus,

1 n
Gn.k.e) =Y aili —k.n) =Y a;l(i.n)
i=k i=0

1

n k
=Y @il —k.n)=1G.m)+ Y ailli—k.n)=> aili —k.n).

i=k i=n+1 i=0
We observe that
l(i,n) <n/(ne) = 1/¢,

and therefore, as n — oo and k = o(n),

G(n.k.e) =Y a;i(I(i —k.n)—1(i.n)) + o(nR(n)). (3.3.27)
i=k
Fori = 0,1,...,n, the inequalities

l(i,n) < Z 1/j =Inn—1Inne+ o(l) = In(1/e) 4+ o(1), n— oo,

j=lne]

are true. Therefore, in view of (3.3.23), for some constant C; < oo we obtain

k+[ne]

limsup | > ai(I(i —k.n) = 1(i.n)| /(nR(n))

n—o0, k=o(n) i=k

S
< limsup M(2 In(1/¢) + o(1)) < C1% In(1/¢). (3.3.28)
n—o00, k=o0(n) nR(n)
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Furthermore, as n — co and k = o(n) we see that

n

> ailli—k.n) = 1(i.n) = o(Sy). (3.3.29)
i=k+[nel+1
because
Iim+k,n)—I(m,n) -0, n—o0, k=on), ne<m=n. (3.3.30)

For m > ne we see that

1 1
I(m,n) = > 7= > Pt

j=ne,j—m,n—j€E€B i,n—m—i€eB

Let

L(m,n) = Z i—:m'

i,n—ieB

Expression (3.3.30) in terms of L(m, n) takes the form
Lm+kn—k)—L(m,n) —-0, m—>oo, k=om), n=<m(l-—¢g)). (3.3.31)
We set
Z(n)={i:i e B,n—i € B}.

From (3.3.1) and (3.3.2) it follows that the asymptotic density of the sequence of sets Z(n)
is B = (1 — )2, namely, for any constant ¢ € (0, 1]

lu:u < cn, u € Z(n)|/cn — B, n— oo. (3.3.32)

Without loss of generality we assume that n = um + o(m) as m — oo in (3.3.31), where
n € [0,1 — ¢] (from an arbitrary sequence n = n(m) such that n < m(1 — &) we extract a
subsequence such that n = um + o(m)). First we consider the case u = 0. Then

0<L(m,n) < n = o(1), m — 00,
m

and

0<Lm+kn—k)=

m+k=o(l), m — 00,

and therefore, (3.3.31) holds true in this case. Next, let & > 0. Then

d. d
L(m,n)=/ x +o<1)=/ Y
Z/m) X +m Z'my/n Y +m/n

d
—[ e,
Z'(n)/n K +y
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where

Z'my= | li.i+1]

ieZ(n)

As for (3.3.15), with the use of (3.3.32) we find that

dy /1 dy
_Y — Y B+ ).
/Z/(n)/n M_l + IB 0 M_l +y 'B ( H

In other words, as m — oo, n ~ um,
L(m,n) — BIn(1 + w).
Since k = o(m), under these conditions we obtain n — k ~ u(m + k). Thus,
Lm+k,n—k)— Bln(l + p).

From the last two relations we derive (3.3.31) for the chosen subsequence of n = n(m).
Since the limit in (3.3.31) does not depend on the choice of the subsequence of n = n(m),
(3.3.31) is indeed true as m — o0, k = o(m), uniformly in n < m(1 —¢). So (3.3.29) is
proved. From (3.3.26), (3.3.27), (3.3.28), and (3.3.29) it follows that

a; —ap = o(R(n)) = 0(Sy/n)

asn — oo,k = o(n),andl = n + k, because S, < nR(n) as n — oo (which is proved in
the same way as relation (3.2.28)). The proof of the lemma is thus complete. O

3.4. Uniformly distributed sequences

This section is of technical nature. Here we consider a new class of uniformly distributed
sequences. We need this class in order to construct examples of sets A such that limit
theorems 3.3.1, 3.3.2, and 3.3.3 are true.

Let a sequence of real numbers (x,) for n € N and a finite union A of segments of [0, 1]
be given. A number m € N enters into the set A if and only if {x,,} € A, where {a} is
the fractional part of the number a. Appropriately choosing (x,) and A, we get any set 4
we wish. The objective of this section and the succeeding one consists of isolation of those
sequences (x,) for which the corresponding set A obeys relations (3.3.1) and (3.3.2) for
any A, so limit theorems 3.3.1, 3.3.2 and 3.3.3 are true for it.

We give a well-known definition of an uniformly distributed sequence (Kuipers, Nieder-
reiter, 1974, Section 1.1)).

DEFINITION 3.4.1. A sequence (x,) is said to be uniformly distributed modulo 1 if for
any segment A C [0, 1]as n — o0

lkik <n,{xx} e Al/n—|A|,

where |A| is the Lebesgue measure of A.
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To study the sets 4, we have to introduce the following class of uniformly distributed
modulo 1 sequences (Yakymiv, 1993b).

DEFINITION 3.4.2. A sequence (x,) is strongly uniformly distributed modulo 1 if
lkike < n, {xp} € A1, {Xm—i} € A2]/n — |A1]||As] 3.4.1

for any segments Ay, Ay C [0, 1] and any constant 1 < C < oo as n — oo uniformly in
m € [n,Ch].
In what follows, the words ‘modulo 1’ will be omitted for the sake of brevity.

REMARK 3.4.1. AsinRemark 3.3.1, it is sufficient to assume that relation (3.4.1) holds
for an arbitrary sequence m = m(n) such that m > nand m = O(n) as n — oo.

REMARK 3.4.2. If a sequence (x,) is strongly uniformly distributed, then the corres-
ponding set A obeys relations (3.3.1) and (3.3.2) with 0 = |A|.

So, in what follows we look for strongly uniformly distributed sequences. It is easy
to see that any strongly uniformly distributed sequence is uniformly distributed (A; = A,
A, = [0, 1] in Definition 3.4.2). The reverse is, generally speaking, not true. The counter-
example is as follows: x, = 6n, where 0 is an irrational number.

For the strongly uniformly distributed sequences, the following analogue of the well-
known Weyl’s criterion for uniformly distributed sequences ((Kuipers, Niederreiter, 1974,
Section 1.2)).

THEOREM 3.4.1. A sequence (xy,) is strongly uniformly distributed if and only if

Z exp(2ri(axy + bxp—r))/n — 0 (3.4.2)
k=1

uniformly in m € [n, Cn] for any integers a, b, (a,b) # &, and any constant 1 < C < oo
asn — oo.

In our counterexample, (3.4.2) is broken for @ = b. In order to prove Theorem 3.4.1,
we follow the pattern used in (Kuipers, Niederreiter, 1974, Section 1.6) to validate Weyl’s
criterion for multidimensional uniformly distributed sequences.

Let

I={(x,)eR*0<x<1,0<y<Il1hL
For any set J C R2, we set

1, (x,y) e,
0, (x,y)é&J.

THEOREM 3.4.2. A sequence (xy) is strongly uniformly distributed if and only if for
any real-valued continuous function f(x, y) on I and any constant 1 < C < oo

xs(x,y) = {

3 S i) = [ Sy (343
k=1 1

as n — oo uniformly inm € [n, Cnl.
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PROOF. Let a sequence (x,) be strongly uniformly distributed. Then for any rectangle
J = A1 x Ay, where Ay, A, are segments in [0, 1], and for any constant 1 < C < oo

1 n
_ 2 i V) — ,y)dxd
nkleJ({xk}ﬁ{x k) /IXJ(X y)dxdy

as n — oo uniformly in m € [n, Cn). Therefore, for an arbitrary step function
M
fey) =Y
k=1
where J, are arbitrary rectangles in /, as n — oo we obtain
l n
2 3 A i) = [ S dy
k=1

uniformly in m € [n, Cn]. Further, let f(x, y) be continuous on /. From the definition of
the two-dimensional Riemann integral it follows that for an arbitrary ¢ > 0 there exist step
functions f; and f> such that

fl(x’y) = f(x’y) = fz(x’y)
for (x, y) € I, and
[t = firdx <e.

We choose an arbitrary sequence m = m(n) such that m > n, m = O(n) as n — oo. Then
1 n
[ ravay—e < [ Awyravdy = lim © Y Ao b
1 o - 1 o
<liminf— > * f({xic}. (vmoie}) < limsup — > 7 £ ({6} (Xmic})
TS noo T
1 n
< Jlim 3 bl i) = [ fermaxay
< /f(x,y)dxdy +e.
I
Since ¢ is chosen arbitrarily, there exists
1 n
i 3 S i) = [ reasay.

Since the last relation holds for any sequence m = m(n) which possess the stated above
properties, we conclude that (3.4.3) holds uniformly in m € [n, Cn] for any fixed constant
1 <C <oo0.
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Vice versa, let (3.4.3) be true and J = A x Ay, where Ay, A; are arbitrary segments
in [0, 1]. For an arbitrary ¢ > 0 there exist continuous functions g; and g such that

g1(x,y) = xs(x,y) < ga(x, ), Vix,y)el,

and
/I(gz(x,y) —g1(x,y)dxdy <e.

We choose an arbitrary sequence m = m(n) such that m > n, m = O(n) as n — oo. Then

|J|_g§/1g2(x,y)dxdy—8</Igl(x,J’)dXdy

= lim ! Zgl({xk},{xm,k}) < lim %Ik:k <n, ({xx} {xm-x}) € J|
k=1 n—00

n—oon

IA

— 1 1 &
lim ;|k:k <n, (xit {xmi)) € J| Enliygo; § ga({xr ), {Axm—k})
k=1

n—>o0

/gz(x,ymxdy < /g1<x,y)dxdy+e <|J]te.
I I

Because of arbitrariness of ¢, there exists
1
lim —|k:k <n, ({(xg} {xm—k}) € J| = |J].
n—>oo n

Since the last relation holds true for an arbitrary sequence m = m(n) which possesses the
stated above properties, we conclude that (3.4.1) holds uniformly in m € [n, Cn] for any
fixed constant | < C < oo. The theorem is thus proved. O

COROLLARY 3.4.1. A sequence (x,) is strongly uniformly distributed if and only if
(3.4.3) holds true for an arbitrary complex-valued continuous function f(x,y) on I.

COROLLARY 3.4.2. A sequence (xy,) is strongly uniformly distributed if and only if
1 n
n DS ke Xin) — fI S, y)dx dy (3.4.4)
k=1

uniformly in m € [n, Cn] for an arbitrary complex-valued continuous function f(x,y) on
R? which is periodic in x and y with period 1, for an arbitrary constant C € [1, 00).

PROOF OF COROLLARY 3.4.2. The necessity follows from Corollary 3.4.1. The proof
of the sufficiency repeats that for Theorem 3.4.2 with the exception that the functions g
and g, must satisfy the additional constraints

gi(x,0) =gi(x,1), g0,y)=g(l,y) Y(x,y)el, i=12

so that (3.4.4) can be applied to the periodic continuations of the functions g; and g5 to R2.
|
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PROOF OF THEOREM 3.4.1. The necessity follows from Corollary 3.4.2. Let us prove
the sufficiency. The set of all finite linear combinations of the functions of the form
exp(2ri(ax+by)), where a, b are integers, with complex coefficients is dense (with respect
to the uniform norm) in the space of all continuous complex-valued functions f(x, y) with
period 1 in each variable (Kuipers, Niederreiter, 1974). We choose an arbitrary complex-
valued continuous function f(x, y) in R? which is periodic in x and y with period 1. By

the abovesaid, for any ¢ > 0 there exist M € N, complex numbers c1, ..., cpr, and integers
ai,...,ap, b1, ..., by such that
IS, ) —v(x, )] <e  V(x,») €R, (3.4.5)
where
M

V(x.y) =) aexpQmi(xar+yby)).  (x.y) R
=1

We choose an arbitrary sequence m = m(n) such that m > n, m = O(n), n — oco. The
inequality

=

/, (f (e 7) = P(x. ) d dy‘

’ [ reydrdy =3 fsnn
k=1

+

1 n
[ sy = S w0
k=1

—+

1 n
2 ke Xm) = ¥ (ke X))
k=1

is true. The first and third terms in the last inequality are smaller than ¢ by (3.4.5), and the
second term is smaller than & for sufficiently large n due to (3.4.1). In order to prove the
theorem, it remains to make use of Corollary 3.4.2. O

To close this section, we give some necessary information from the monograph (Kuipers,
Niederreiter, 1974).

The two lemmas below are Lemmas 2.1 and 2.2 in (Kuipers, Niederreiter, 1974, Sec-
tion 1.2) respectively.

LEMMA 3.4.1. We assume that a real-valued function f possesses a monotone deriv-
ative ' on [a,b)], while either f'(x) = A > 0or f'(x) < —A < 0 for x € [a,b]. We
set

b
J :/ exp(2mif(x))dx.
Then

Ve
=
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LEMMA 3.4.2. Let f be twice differentiable on [a,b] and either f”(x) = p > 0 or
f"(x) < —p < 0for x €a,b]. Then the integral J in Lemma 3.4.1 obeys the inequality

<2
-

The theorem below is Theorem 2.7 in (Kuipers, Niederreiter, 1974, Section 1.2).

THEOREM 3.4.3. Let a and b be some integers, and let f be twice differentiable on
[a, b], while either ["(x) = p > 0or f"(x) < —p <0 forx € [a,b]. Then

b
> exp(rif(n))

n=a

4
= (/' ®) - S @ +2) (— +3).
NG
The lemma below is Lemma 3.1 in (Kuipers, Niederreiter, 1974, Section 1.3).

LEMMA 3.4.3 (van der Corput fundamental inequality). Let uy,...,u, be some com-
plex numbers, and let H be an integer, | < H < n. Then

n
2 u
t=1

2 H-1 n—h

n
<SHn+H=-1) us* +20+H—=1) Y (H=hR Y uii;yp
=1 h=1 t=1

H2

3.5. Examples of sets A

Let a real valued function g(z) be given for ¢ > 0, and let a finite union A of segments
of [0, 1] be given. A number m1 € N enters into the set A if and only if {g(m)} € A.
As we have seen in the preceding section, if the sequence (g(n)) is strongly uniformly
distributed, then for any A the corresponding set A obeys relations (3.3.1) and (3.3.2),
so limit theorems 3.3.1, 3.3.2 and 3.3.3 are valid. We thus turn to constructing strongly
uniformly distributed sequences.

The simplest class of strongly uniformly distributed sequences (g (7)) is described in
the following theorem.

THEOREM 3.5.1. Let g’(t) = 0, g'(¢t) be convex, and let g'(t) monotonically tend to
zero ast — oo. Iftg'(t) and t?|g" (t)| tend to infinity as t — oo, then (g(n)) is strongly
uniformly distributed.

PROOF. Let n
J = / exp(2ri(ag(x) + bg(m — x))) dx,
0

where a and b are integers, (a, b) # 0. Since g’(t) — 0 as t — 00, we see that

Z exp(2ri(ag(t) + bg(m—1))) = J + o(n) (3.5.1)

t=1

as n — oo for an arbitrary sequence m = m(n) such that m > nand m = O(n) asn — oo.
Leta # 0. Weset 6 = |b/al|. Let b/a < 0. Then by virtue of Lemma 3.4.1

|J| < . 2 = >
lalmin(g’(2) + 0g'(m — 1)) ™ lalg’(n)

(3.5.2)
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We observe that m = m(n) is a sequence such that m > n and m = O(n) as n — oo. So,
from (3.5.1), (3.5.2), and the fact that 1g’(f) — oo as ¢ — oo it follows that the sequence
Xn = g(n) obeys relation (3.4.2). Let b/a > 0. Then Lemma 3.4.2 yields the inequality
4 4
|J| < = . (3.5.3)
W min|g” (1) + 6g"(m— )] /lalg"(n)
t=n

From (3.5.1), (3.5.3) and the fact that t?|g”(t)] — oo as t — oc) we arrive at (3.4.2).
Finally, in the case where @ = 0, by Lemma 3.4.1 we obtain the inequality

|7 < 2/blg'(m).

From the last inequality and relation (3.5.1) in the same way as before we find that (3.4.2)
holds. Thus, the sequence x, = g(n) satisfies hypothesis (3.4.2) of Theorem 3.4.1, which
states that the sequence (g(#n)) is strongly uniformly distributed indeed. O

COROLLARY 3.5.1. Let
g(t) =t*1(), t>0, (3.5.4)

where a € (0, 1), and let the function [(t) be slowly varying at infinity, while
dn
— —hn
Wl(t) =o(t™"(1)) (3.5.5)

forn =1,2,3 ast — oco. Then the sequence (g(n)) is strongly uniformly distributed.
From (3.5.4) and (3.5.5) it indeed follows that

g ) = ar® @) + 2 (t) ~ at®* (), (3.5.6)

g () = aloe — De*2(t) + 2t (t) + %17 (1) ~ a(ae — De* (1), (3.5.7)

g (1) = ala — (o —2)t*31(t) + 3a(a — De* 21 (1) + 3at® " (t) + 141" (1)
~a(e — (o —2)1%31(r) (3.5.8)

ast — oo. From (3.5.6), (3.5.7), and (3.5.8) it follows that the hypotheses of Theorem 3.5.1
are fulfilled.

REMARK 3.5.1. For any slowly varying at infinity function, there exists a function /(z)
which is equivalent to it at infinity and obeys (3.5.5) for all » € N (see Theorem 1.1.3).
As examples of functions /(z) which obey (3.5.5), we mention the functions In¢, Inlnz,
exp(lnﬂ t) with B < 1, their powers and products.

In what follows we consider the cases where equality (3.5.4) holds for some slowly
varying at infinity function /(z) and « > 1; the cases of integer and non-integer o are
studied separately.

THEOREM 3.5.2. For some non-integer o > 1 and a slowly varying at infinity function
[(2), let equality (3.5.4) hold and relation (3.5.5) be true for alln = 1,2,...,[a] + 2,
where [a] stands for the integer part of a. Then the sequence (g(n)) is strongly uniformly
distributed.
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Form € N, hy,...,hm € N we set

glhy,x) =gx+h)—gkx), ...,
glhy, ... ,hm,x) =gy, ..., lyp—1, X + hy) — g(hy. ...  hip—1, X).

We formulate a series of auxiliary assertions.

LEMMA 3.5.1. Ifthe sequence (g(h1, ..., hg,n)) is strongly uniformly distributed for
some k € N and arbitrary hy, ..., hy € N, then so is the sequence (g(n)).

LEMMA 3.5.2. Let the hypotheses of Theorem 3.5.2 be fulfilled. Then

dm
S 8(0) ~ o) (35.9)
forarbitrarym = 1,2,...,[a] + 2 ast — oo, where o™ = a(a —1)--- (@ —m + 1).

LEMMA 3.5.3. We fix hy,...,hn, € N, where m = [a] — 1, and set g,(t) =
ghy, ..., hm,t). If the hypotheses of Theorem 3.5.2 are fulfilled, then, as t — oo,

g (t) ~ hal™ TP (p), (3.5.10)
() ~ ha™ 2By (), (3.5.11)
gm(t) ~ halmT31P=21(p), (3.5.12)

where B = {a}, h =hy... hpy.

LEMMA 3.5.4. For some function g(t) and a slowly varying at infinity function [(t), let

g0 ~ P, (3.5.13)
g'(t) ~ BrP1), (3.5.14)
g"(t) ~ BB — DeP21(r) (3.5.15)

for B € (0,1) ast — oo. Then the sequence (g(n)) is strongly uniformly distributed.

Before proving Theorem 3.5.2, we validate Lemmas 3.5.1-3.5.4.

PROOF OF LEMMA 3.5.1. First we prove the lemma for k = 1. Let the sequence
(g(h,n)) be strongly uniformly distributed for an arbitrary 2 € N. By the van der Cor-
put fundamental inequality (Lemma 3.4.3), for any n, H, m € N, m > n, and integers a, b,

(a.b) # 0,

n 2
H? Zexp(Zni(ag(t) +bg(m—1t))| <Hmn+H-1)n
t=1
H-1 n—h
+2(n+H-1) Z (H-h)N Z exp(2ri(ag(t)+bg(m—t)—ag(t+h)—bg(m—t—h))).

h=1 t=1
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By dividing both sides of the inequality by n2 H?, hence we obtain

n+H-1)

<
- nH

n 2
1
‘; Zexp(Zni(ag(l) + bg(m —1)))
=1

H-1

Lyt H= DU~ D)

n2H?2

Zexp(2m(ag(h t)+bgh,m— t)))'

h=1 t=1

Thus, for an arbitrary sequence m = m(n) such that m > n and m = O(n) as n — oo we
see that

2

lim sup % Z exp(2ri(ag(t) + bg(m —1t)))
Nz 1t _ 1
< — + Z: I hm p ; exp(2ri(ag(h,t) + bg(h,m —t)))‘ =4

by virtue of Theorem 3.4.1. Since H is arbitrarily chosen, from the last inequality by virtue

of Theorem 3.4.1 we conclude that the sequence (g(n)) is strongly uniformly distributed.
Now let k£ > 1, and let the lemma be true for k — 1. If the sequence (g (h1, ..., hx,n)) is
strongly uniformly distributed for any /1, ..., hx € N, then by the just proved the sequence
(g(hy, ..., hg—1,n)) is strongly uniformly distributed, which by the induction assumption
implies that the sequence (g(#n)) is strongly uniformly distributed. The lemma is proved.
|

PROOF OF LEMMA 3.5.2. By (3.5.4) and (3.5.5),as t — o0

d — d o _ a—1 oyl
Eg(l) = E(Z () = at* " 1(t) + t*I'(2)
= at* @) + %@ (@) ~ at®* ().

If m > 1, m <[o] + 2, and the lemma is true for 1, ...,m — 1, then by (3.5.5) as t — o0
A" ey =30 (" )aie o
dem i\

= o= ’"l(r)+2( ) =m0 (1)) ~ oM (1),

The lemma is proved. u

PROOF OF LEMMA 3.5.3. Ttis easily seen that forany k = 1,...,m

hy hye
gk(t)=/ / gO@ + x1 + -+ xp) dxy - dxy, (3.5.16)
0 0
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because i
1
1) = g(h.0) = g(t + ) — (1) =/ ¢t + x1) dxi;
0

iffork >1,k <m

hy hi—1
gr—1(7) =/ / g V@ Xy X)) dxg e dxgo,
0 0
then
gk (1) = gk—1(t + hi) — gr—1(1)

h hy—1 -

— [ [ e )
0 0
—g® Dt xp -+ xpem1)) dixy o dxgey
hy Iy

=/ / g®@ 4 x; + -4 xp) dxy - dxy,
0 0

which implies (3.5.16). Therefore,

h hm
gm(?) =/ / g™+ x1 + -+ xm)dxy - dxy = hg"™ (4 1)
0 0

for some 1 € [0, 71 + -+ + hpm]. So, from Lemma 3.5.2 it now follows that, as t — oo,
gh (0) ~ ha" (@ +1)PI( + 11) ~ ha™ 1 P1(r).
Similarly, for some t5,¢3 € [0, 71 + - - + hy,] we find that
g (t) ~ ha T2t + )PV (1 + 12) ~ hal™ 2B~ (r),
g (1) ~ ha" 3t + 1)P721(t 4 13) ~ ha™ T3 B=21 (1)
as t — oo. The lemma is thus proved. u

PROOF OF LEMMA 3.5.4. Making use of Theorem 3.4.1, we check whether relation
(3.4.2) holds or not for the sequence x, = g(n). We assume that @ # 0 and set 6 = |b/al,
f(t) =ag(t) + bg(m —t). Let m = m(n) € N be some sequence obeying the conditions
m > nand m = O(n) as n — oo. We first consider the case where b/a > 0. By (3.5.13),
asn — o0o,t < n,t ~ n we obtain

['(6) = a(g'(t) = g’ (m — 1)) = O(mP1(n)). (3.5.17)

By virtue of (3.5.14) and (3.5.15) there exists a positive integer M such that the function
g”(¢) is positive and monotonically decreases for t > M. Then

/(@) = lal(g"(t) + 6" (m — 1)) = |alg"(n) < nP~"i(n) (3.5.18)
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forn > 2M,t € [M,n — M]. From relations (3.5.17), (3.5.18), and Theorem 3.4.3 it
follows that

n—M

4
2ri f "n—M)— f'(M)| +2
3 expCni () = (110 M) = [ M0 + (55)
= 0(nPI(n))0 SN om " P72 [I(n)) = o(n),

VP (n)

asn — oo,m = m(n) > n,and m = O(n), where

= inf " (@),
P te[M’niM]|f()|

because B < 1. As n — oo, we see that

n

M
D exp@uif()+ Y exprif(t)) = O(1).
=1

t=n—M

Thus, relation (3.4.2) for the sequence x, = g(n) is true in the case where b/a > 0.
Now let b/a < 0. For the sake of definiteness, let ¢ > 0. By virtue of (3.5.15), there exists
M such that

J@)ja=g (@) +0g " (m—1t)< S.
1" (@) "(t) + 08" (m—1) <0 (3.5.19)
form > 2M, and t € [My, m — M;]. In view of (3.5.14), we can also consider the relations
S (My)/a = g" (M) — 0g"(m — My) > 0,
S"(m—My)/a=g"(m—M)—0g" (M) <0

as being true for m > M,, where M, > 2M, is some positive integer. Since f”(t)/a
decreases for t € [My,m — M] (see (3.5.19)), we see that for m > M, there exists a
unique root t of the equation f”(r) = 0 in [My,m — Mi]. It is clear that t obeys the
equality

g"(r) =0g"(m—1). (3.5.20)

It is easily seen that T < m, m — v < m as m — oo; if this were not the case, then (3.5.20)
and the regular variation of g”(f) as t — oo would be both broken. From (3.5.20) and
(3.5.14) we find that, as m — oo,

() ~ 0(m — )P (m - 7).

Since T < m, m —t < m as m — oo and the function /(¢) is slowly varying at infinity, we
obtain, as m — 00,
7~ o — )P,

or

()=
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which yields, as m — oo,
m—-1)/t —> 07, m/t — 0¥ +1,
where y = (1 — 8)~!. Thus,

m
1+ 06Y

as m — o0o. We choose some § € (0, 1), < 07, and let
=({1-=8m/(+67), t=(1+48m/(1+07).
For some M3 > M, let form > M3
Mi<ti<t<thy<m—M,.
Then by the mean value theorem there exists v € [z, t] such that
f'/faz f'(t)/a=(f"(t1) = f"(@)/a=—(@—t)f"(v)/a

form > M3 andt € [M1,t1]. As m — oo, we see that

—(c—t)f"v)/a~ (g”’(V)+9g’”(m v))

B(1 — B)L(m)(vE~2 + 0(m — v)P~2).

1 + OV
Therefore, there exists M4 > M3 such that

10 )a = elm)P=2 + 0(m —v)P2ym = clm)lf2m = exmP~im)  3.521)

form > My, t € [M1,1;], where

) 148\
T 201+ 07) C‘_C(1+9V)

Furthermore, by the mean value theorem there exists some u € [z, f2] such that
f'0/a= f()/a=(f"t) - f”(f))/a

=(Mn-0)f"(w/a~ (g"(n)+6g"(m—p)),  m— oo,

1+9v

for ¢t € [to, m — M]. The last expression is, as m — 0o,
—(IL+o(D) =5, [mB( - BY(1F 2 + 0(m— )P~
Hence it follows that

' (0)/a < —e3 (P + 00m — )P H)ymi(m) < —c3mpP=21(m)
< —esmtP2(m) = —camPVi(m), (3.5.22)
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for some constants ¢3 > 0 and Ms > My, wheret € [t,,m — M1], m > Ms, and

_ (1487
Cq4 = C3 1+9y .

By virtue of Theorem 3.4.3, from relations (3.5.21) and (3.5.22) it follows that the inequality

n—Ml

> expQmif (1)

t=M,

4
=S M)+ f (= M)|+ @)+ @) +4) | ———=+3

\ csmﬁ_ll(m)

holds true for m > M5 and n < m, where ¢s = min(cy, ¢4). From (3.5.13) it follows that

LS/ (My) + | f/(n = M|+ | (@0)] + |/ (12)] = OmPl(m))

as n — oo for an arbitrary sequence m = m(n), m = O(n). Therefore,

n—M;
> exprif (1) = O(mPlm) Om " =P"2 ) \/1(m))
= = 0m P72 /I(m)) = o(m)

asn — oo form > n, m = O(n). Further,

2—11+1< 26

LY exprifey] =

= + —.
Y
relry I n] L+6r m
From the last two relations it follows that
1 n
lim sup | — exp(2rif(t))| <
m sup m; pCTif )| = T4

form > n, m = O(n). Since §, as well as the sequence m = m(n) such that m > n,
m = O(n), are arbitrarily chosen, relation (3.4.2) holds true for the sequence x, = g(n) in
the case where b/a < 0.

Finally, in the case where a = 0 relations (3.5.17), (3.5.18) are replaced by

1(t) = =bg'(m—1t) = 0(PI(n)),
|f" ()| = |blg" (m —t) > |b|g" (m)| =< nP~'I(n),

respectively, and the rest of the proof follows the same way as in the case b/a > 0. The
proof of the lemma is thus complete. O
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PROOF OF THEOREM 3.5.2. Let [¢] = 1. Then the function g(z) obeys relations
(3.5.13), (3.5.14), (3.5.15) with a/(¢) playing the part of /(¢) by virtue of Lemma 3.5.2. The
sequence (g (n)) is strongly uniformly distributed by virtue of Lemma 3.5.4. Letm = [o]—1
and g,,(¢) = g(hy, ..., hm,t) for fixed Ay, ..., hy € N. By virtue of Lemma 3.5.3, the hy-
potheses of lemma 3.5.4 are fulfilled, where the part of g(¢) is played by the function g, (?),
and the part of /(¢), the function ha?+2/(r). Therefore, the sequence (g (/1. ..., hm.n))
is strongly uniformly distributed. From Lemma 3.5.1 it follows that the sequence (g(n)) is
hence strongly uniformly distributed. The theorem is proved.

Next, we consider the case where « € N in relation (3.5.5). Let I,,,, m € N, stand for the
set of all slowly varying at infinity functions /(¢) such that (3.5.5) holds foralln = 1, ..., m.

We set
1= In

meN
THEOREM 3.5.3. Let (3.5.4) hold for some o« € N and a slowly varying at infinity
Sfunction I(t). If

I'(ty = 817'11(1), (3.5.23)
foranyt > 0, where 6 = 1oré = —1,11(t) € Iy+1, and
Lt) =o((), t— oo, (3.5.24)

then the sequence (g(n)) is strongly uniformly distributed.
Let us formulate some corollaries to this theorem.

COROLLARY 3.5.2. The sequence (n* In? n) is strongly uniformly distributed for any
aeNandB #0.

COROLLARY 3.5.3. The sequence (n®1n¥ Inn) is strongly uniformly distributed for
anya € Nandy # 0.

COROLLARY 3.5.4. The sequence (n® Inf n1n” In n) is strongly uniformly distributed
foranya € Nand B,y # 0.

COROLLARY 3.5.5. The sequence (n* exp(c In? n)) is strongly uniformly distributed
foranyc # 0,8 <1, and a € N.

In what follows, for the sake of definiteness we let 6 = 1 (the case § = —1 is treated
similarly). We prove Theorem 3.5.3 and its corollaries with the use of the following ten
lemmas.

LEMMA 3.5.5. Let (3.5.4) hold witha ¢ N U {0}. IfI(¢) € Iy, for some m € N, then
g™ @) ~ ™), > 0. (3.5.25)

LEMMA 3.5.6. Under the hypotheses of Theorem 3.5.3, [(t) € Iy+.
LEMMA 3.5.7. Under the hypotheses of Theorem 3.5.3,

g9t ~ all(), (3.5.26)
gtV ~alt T (1), (3.5.27)
gt (1) ~ —alt211 (1), (3.5.28)

ast — oQ.
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LEMMA 3.5.8. Letm =a—1,hy,..., 0y €N, gn(t) = g(hy, ..., hy,t), and let the
hypotheses of Theorem 3.5.3 be fulfilled. Then

Zit) ~ hal1(0),

gam(t) ~ ha!t™' (1),

gm(t) ~ —ha! 1211 (1),
ast — oo, where h = hy -+ hy,.

LEMMA 3.5.9. Let l(t) be slowly varying at infinity. Then there exist functions r (t) and
s(t) such that r(t) — oo, s(t) - 0 ast — oo, and

I(At)/1(t) — 1, t — o0, 3.5.29)

uniformly in A € [s(2), r(?)].

LEMMA 3.5.10. Let (3.5.26), (3.5.27), and (3.5.28) hold for some function g(t), a =
1, and let the functions [(t), 11 (t) be slowly varying at infinity. Then the sequence (g(n)) is
strongly uniformly distributed.

LEMMA 3.5.11. A function [(t) € I, for some m € N if and only if
() =o(l), 1o, (3.5.30)
foralln =1,...,m, where
() =Inl(e").

LEMMA 3.5.12. Let [(t) € I,n, where m € N. Then [B(¢) € I,,, forany B € R.
LEMMA 3.5.13. Let [1(¢),[2(¢) € Iy, where m € N. Then I(t) = [1(t)]2(t) € Iy.
LEMMA 3.5.14. The functions Inf 1, In” Int belong to I for any real B and y.
The proof of Lemma 3.5.5 repeats that of Lemma 3.5.2.

PROOF OF LEMMA 3.5.6. From (3.5.23) and (3.5.24) it follows that
') =1"10) = ot 1()), t — o0.

By virtue of Lemma 3.5.5, form = 2,...,a + 2,n = m — 1 we find that

dm d"
—I(t) = — (1) /1) ~ (D)0l 7L () = o(tT™I(1)) (3.5.31)
drm drt

as t — oo. Therefore, /(t) € Iy+,. The lemma is true. |

PROOF OF LEMMA 3.5.7. The m-fold differentiation of equality (3.5.4), m < «, yields

m

M =3 (Z)a[m—k],a—(m—k) 16p).

k=0
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For m = a we obtain

m
@ (1) = @) Qla—k1 k)
@n=3 (k)a o).
k=0
From Lemma 3.5.6 it follows that fork = 1,...,

1Oy =o(7*1@1), t— .
So, from (3.5.32) we arrive at
@ (1) ~ o (‘g)l(‘”(z) —alllt), - oo,

and (3.5.26) is proved. The differentiation of (3.5.32) yields

o

a+1 _

g@tV@) = Z (k N l)a["‘ kgl 1) ().
k=0

From (3.5.31) and (3.5.33) it follows that

o (t) o+ 1\ o
et~ 1 > ot Jetese

ll(l) 'Z( l)k(a-i- )—ll(l)l_la')\,

k=0

where o
__ Z(_l)k+1 (“ + 1)_
= k+1
Let us calculate A. We see that

() £or)

i=1 i=1

where B = o + 1. For any real s,

Xﬂ:(’f)s =(1+s)P

i=0

Therefore,

B
Z( ) =a=n=o

(3.5.32)

(3.5.33)

(3.5.34)

Hence we find that 1 — A = 0, that is, A = 1. Therefore, (3.5.27) follows from (3.5.34).

The differentiation of (3.5.34) yields

* fa+2
g(a+2)(l) — Z (k N z)a[a_k]lkl(k+2)(t).
k=0
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Taking (3.5.31) into account, hence we obtain

g~y (a ; 2)“[“"‘]z—kzk+2(—1>k“(k + D@

pat k+2
IO RS CE AR o,
= o 2 k=0(k+2)( Dk + 1) = ot 1D, (3.5.39)
where
o 2 y .
":Z(Z+z)(‘1)k“(k+1>=—Z(V.)(—1>J(1—1>, y=a+2.
im0 N T j=2 N

We observe that

Y
Z (y,)sj'H =s(s + 1Y

j=o M
Differentiation of this equality yields

14

> (5)(]' +1Ds/ = (s + DN+ (1 +y)s),

Jj=0
hence we obtain

14
(?)(j D = )T A+ U+ —2) (?)sj

j=0 Jj=0
=@+ DA+ A+ y)s)—2(1 +9).

Therefore,
14
~2 (G =DED =0
j=0

and

y .

p=-> (G- =-140=-1 (3.5.36)
j=2

Relations (3.5.35) and (3.5.36) imply (3.5.28). The lemma is thus proved. O

The proof of Lemma 3.5.8 repeats that of Lemma 3.5.3.

PROOF OF LEMMA 3.5.9. By the theorem on integral representation of a slowly vary-
ing function (Seneta, 1976, Section 1.2), there exist » > 0 and functions 7(¢), £(¢) defined
for ¢t > b such that n(t) — ¢, €(t) — 0 with some constant ¢ as ¢t — 0o, and

I(t) = exp (n(t)+/bt¥du), vt > b.
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Without loss of generality we assume that A > 1. Then

It M

oo =exp | n(At) — n(t) + / @du , t>b. (3.5.37)

1(t) ‘ u
We set

r(1) = exp(1//6(1)).
where
8(r) = sup|e(u)|.
u=t
Then
At 8(u)
/ —du| <46(t)InA < +/8(t) —> 0, t — 00,
! u

uniformly in A € [1,7(¢)]. Relation (3.5.29) follows from (3.5.37) and the last inequality.
The lemma is thus proved. u

PROOF OF LEMMA 3.5.10. In accordance with Theorem 3.4.1 we check (3.4.2) for the
sequence x, = g(n). We assume that a # 0. As before, we set @ = |b/al, f(t) = ag(t) +
bg(m — t). We first consider the case where b/a > 0. In accordance with Lemma 3.5.9,
we choose a sequence s(n) — 0, n — 00, in such a way that (3.5.29) holds and ns(n) € N.
Making use of (3.5.26) with « = 1, with the use of Lemma 3.5.9 for ¢ € [ns(n),n — ns(n)]
we obtain

a(g'(t) — 6g'(m —1))
= 0((t)) + O(l(m — 1)) = O((n)),  n— oo, (3.5.38)

'@

for an arbitrary sequence m = m(n) such that m > n, m = O(n) as n — oo. As follows
from (3.5.27) and (3.5.28), there exists a constant M such that

/"] = lal(g"(t) + 0g"(m —1)) = |alg"(t) = g"(n) < n™"' 1 (n), (3.5.39)

asn — ooform >n > M and ¢t € [ns(n),n — ns(n)]. From (3.5.38), (3.5.39), and
Theorem 3.4.3 it follows that

n—s(n)
> exp@rif ()| < (1f (nsm)| + | /' (n — ns(m)| + 2) (% + 3)

t=ns(n)

o0(l(n))0

1
NI

) = o(n), n— oo,

0 (ﬁl(n)
Vii(n)
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for an arbitrary sequence m = m(n) such that m > n, m = O(n) as n — oo, where

p= inf /@)

ns(n)<t<n—ns(n)

Therefore,

Zexp(Zm’f(t)) =o(n) + O(ns(n)) = o(n), n— 0o,

=1
for an arbitrary sequence m = m(n) such that m > n, m = O(n) as n — oo. Hypothesis
(3.4.2) of Theorem 3.4.1 is thus validated in this case. For b /a < 0 the proof repeats literally
that of Lemma 3.5.4. If @ = 0, then relations (3.5.38), (3.5.39) are replaced by
f1@t) = =bg'(m—1t) = O(l(m — 1)) = O((n)),  n— oo,
/")) = |blg"(m —1) = |b|g" (m) < n~ 1 (n), n — oo,

respectively, which, as above, imply (3.4.2) for the sequence x, = g(n). The proof of the
lemma is thus complete. O

PROOF OF LEMMA 3.5.11. Let/(¢) € I,,, and ¥ (t) = /(exp(¢)). By formula (0.430) in
(Gradshteyn, Ryzhik, 1980) for the nth derivative of a composite function, forn = 1,...,n
we obtain

dn n .
@)= Y 1B (exp))Clir.....in) [ [ exp())7,

dt" | — ;
I15ee0in j=1
where the summation is over all ordered tuples of non-negative integers i1, . . . , i,, such that
n n

D Jip=n. k=) i

j=1 j=1
and C(iy,...,i,) are some constants. Hence it follows that

yO@ = Y o™ ie))e™ = oli(e") = o(¥ (1)) (3.5.40)

as t — oo. Applying formula (0.430) in (Gradshteyn, Ryzhik, 1980) again to the function
o) =Iny (), forn = 1,...,m we find that

o) = Y mOWE)Cr,....i) [ w05

i1 5eesin Jj=1
Making use of (3.5.40), hence we obtain
¢ = Y DR = DI @) FCG i (0))F) = o(1)

as t — oo. Relation (3.5.30) is thus proved. The proof of the reverse assertion repeats the
proof of Lemma 1.1.1. O
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PROOF OF LEMMA 3.5.12. Let

(1) =Inl(exp()), @) = In(l? (exp(1))).

By virtue of Lemma 3.5.11, relation (3.5.30) holds true for any n = 1,...,m. Therefore,
" (1) = o(l)ast — oo foralln = 1,...,m. Consequently, /#(r) € I, by virtue of
Lemma 3.5.11. O

PROOF OF LEMMA 3.5.13. Letn = 1,...,m. The n-fold differentiation of /(¢) yields

da" “ (n n—
0 =3 (oo oo

k=0

hence we obtain

n—1
1) = Y o™ L (@)o(t™ " P L1)) + ol (1) " 1>(1))
k=1
=o(t™"l1(1)1(1)), t — oo.
Therefore, [(t) € I,. |

PROOF OF LEMMA 3.5.14. For any n € N we observe that
n

I Int = (=D)""'n—DIt™ =0t "Inr), t — 00.

Therefore, In¢ € I. By virtue of Lemma 3.5.12, In#¢ € I. ForInlnt we see that
dllz ! (t 'Inlny) t — (3.5.41)
—Inlnt = — =0 nln 00 5.
dt tInt ’ ’
and form > 1,n = m — 1 by formula (3.5.31) we obtain
m n

" i —n—1y,—1
dt—mlnlnlzﬁ(l InT )~ (=Dt In"

=o0(t ™ Inln1), t — oo. (3.5.42)

From (3.5.41) and (3.5.42) it follows that Inln¢ € /. From Lemma 3.5.12 it follows that
In” Inz € I. The lemma is thus proved. O

PROOF OF THEOREM 3.5.3. If @ = 1, then, by virtue of Lemma 3.5.10, Theorem 3.5.3
holds true. Let « > 1 and

I(t) = ha!l(t), L(t)=ha!li(t), m=a—1, g@i)=gm@).

From Lemma 3.5.8 and Lemma 3.5.10 it follows that the sequence (g(h, ..., hm,n)) is
strongly uniformly distributed for any /1, ..., /h, € N. Lemma 3.5.1 now implies that the
sequence (g(n)) is strongly uniformly distributed as well. Theorem 3.5.3 is proved. O
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PROOF OF COROLLARY 3.5.2. For /() = In?(¢) we see that

I'(t) = BInP~' (1) /1.

By virtue of Lemma 3.5.14, the function /; (t) = |B]| In#~1(r) € I. Furthermore, it is clear
that /1 (¢) = o(I(¢)) as t — o0. O

PROOF OF COROLLARY 3.5.3. Let L(¢) = Inlnz. Then
[(t) =¥ Int = LY (¢).
We observe that

—1
I =y = 20
tint
Therefore,
L) = lyIL" N0 In ().
From Lemma 3.5.12 it follows that In"!(#) € I. Lemma 3.5.14 implies LY~ (¢) € I. So,
by virtue of Lemma 3.5.13, /1 (¢) € I. O

PROOF OF COROLLARY 3.5.4. We consider the case where ¢ > 0, f > 0 (the remain-
ing cases are treated similarly). We see that

B1n~! ¢ 1n” In¢ nBtin”'n¢
t v tlnt '

') =
Therefore,

L) =B tin"Int +yInfrIn” ' Ins

~ B1f tIn” Ins, t — oo.

It is clear that /1 (¢) is slowly varying at infinity and /1 () = o(l(¢)) as t — oo. We observe
that /1 (¢) = I5(¢) + I5(¢), where

I(t) = BInP~' tIn” Int, I3(t) = yInPtIn” ' Ins.
By virtue of Lemmas 3.5.13, 3.5.14, the functions /»(¢), /3(¢) € I. Therefore,
1) = 1°() + 17 (1) = o(t™"12(1)) + (™" 15(1)) = o1 (1))
foranyn € Nast — oo. Thus, /1(¢) € I. O
PROOF OF COROLLARY 3.5.5. We observe that
I'(1) = Bl() 0P~ (1) /1.
(1) = [eBlI@) P~ (1),

For§ < 1,
tl' (1)

1)

=cf lnﬂ_l(t) — 0, t — oo.
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Hence /(¢) is slowly varying at infinity. Let us check whether /() € I or not. It is easy to
see that

o(t) = Inl(exp(t)) = ct?,
so that
e M(1) = P = 0(1), t — o0,

for any n € N. Therefore, /(¢) € I by virtue of Lemma 3.5.11. The function /,(¢) € I as
the product of two functions of / (Lemma 3.5.13). |

3.6. Random sets 4

In this section we study the case where the set A is random itself. Namely, let a sequence
(&4, n € N) of independent Bernoulli random variables be given. By this sequence, we
construct the random set 4 as follows: an element n € N is contained in the set 4 if and
only if &, = 1. For each realisation of the set A, as in the beginning of Section 3.1, we
introduce the set 7, = T, (A) and the random variables {,,, and {,, n,m € N. We recall
that T}, is the set of permutations of degree n whose cycle lengths belong to the set 4, &y, is
the number of cycles of a random permutation uniformly distributed on 7}, of lengthm € 4,
and , is the total number of its cycles (if 7, appears to be empty, then ¢,,, and , are set
to zero).
We set

=P, =1}, neN, py=0.

‘We assume that, as n — oo,

1 n
- Zpi -0 >0, (3.6.1)
n

i=1

and that for any fixed ¢ > 1

1 n
~Y  pipm-i — 0’ (3.6.2)

i=1
uniformly in m € [n, cn]. The following analogues of Theorems 3.3.1-3.3.3 are true.
THEOREM 3.6.1. Let relations (3.6.1) and (3.6.2) be true. Then, as n — oo,

|Tn(A)|n]7(7 = e’
n! L(n) I'(o)

almost surely (a.s.), where
1 n
L) =exp((m) —olnn), 1) =~ &,
n k=1

y is the Euler constant, T'(-) is the gamma function.
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THEOREM 3.6.2. Let relations (3.6.1) and (3.6.2) be true. Then for any fixed x € R,
asn — oo,

P{(l —I(n))/Volnn < x | A} =5 ®(x),
where ®(x) is the distribution function of the standard normal law.
THEOREM 3.6.3. Let relations (3.6.1) and (3.6.2) be true. Then for any fixed m € N

andk € N, asn — 0o

as. Epexp(—1/m)
P{;nm=k|A}_>W

and

P{lum = 0| A} 51— & + Emexp(=1/m).

Theorems 3.6.1-3.6.3 validate the hypothesis formulated by V. F. Kolchin in 1989 at
the seminar in the Steklov Institute of Mathematics. The hypothesis states that analogues
of Theorems 3.3.1-3.3.3 are true in the case of identically distributed random variables &,
n € N. Theorems 3.6.1-3.6.3 are published in (Yakymiv, 2000). Let us formulate two
corollaries.

COROLLARY 3.6.1. Asn — oo, let
Pn—>0 > 0. (3.6.3)

Then relations (3.6.1) and (3.6.2) are true.
For p, = o for all n € N hence it follows that the above hypothesis is valid.

COROLLARY 3.6.2. Let B be some fixed subset of the set N of asymptotic density zero,
that is, as n — oo

1
—lk:k <n, k € B| > 0.
n
If
pn—>0>0, n—>o00, neN\B, (3.6.4)

then relations (3.6.1) and (3.6.2) hold.

Corollary 3.6.1 demonstrates that Theorems 3.6.1-3.6.3 are true no matter how the num-
bers p, behave on any finite fixed domain of variation of #; it suffices that relation (3.6.3)
is true.

Let us turn to proving Theorems 3.6.1-3.6.3.

PROOF OF THEOREMS 3.6.1-3.6.3. By virtue of Theorems 3.3.1-3.3.3, in order to
prove our theorems we have to show that, as n — oo,

1 n
a.s.
> & o (3.6.5)
n
k=1
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and that for an arbitrary fixed ¢ > 1
1 — as
= kb —> 0 (3.6.6)
k=1

uniformly in m € [n, cn).

Relation (3.6.5) immediately follows from (3.6.1) and the strong law of large numbers
for the sequence &,, n € N. Relation (3.6.6) does not follow from (3.6.2) and the strong law
of large numbers, so we prove it below.

In view of (3.6.2), relation (3.6.6) is equivalent to

1 &
=3 X(k.m) =0 (3.6.7)
n

k=1

uniformly in m € [n, cn], where
X(k,m) = Ek&m—k — Pk Pm—ik-

Next, let us show that the inequality

n 6
E (Z X(k,m)) <end (3.6.8)
k=1

where ¢; = 111 - 6! holds true for all # € N and m > n. First, treating (3.6.8) as if it were
true, we derive relation (3.6.7) from it. Let some ¢ € (0, 1] be fixed. We set

1 n
;ZX(k,m) >s},

k=1
For any k € N, by (3.6.8) and the Chebyshev inequality we obtain

oo oo [en]
0o oo oo 00 3
PBE) <Y Y Pme) <Y > (;””T)G

Amn(e) = {a):

k=1n=km=n

B(e) = ﬂ U U Amn(e).
n=k m=n n=k m=n

and the right-hand side of the inequality tends to zero as k — oo. Hence it follows that
P(B(e)) = 0. (3.6.9)

that is, only finitely many events A,,,(¢) can occur with probability one. We set

B=|JB).

e=<1

Let B’ stand for the set of those elementary outcomes @ for which ,ll >, X(i,m) does
not tend to zero as n — oo uniformly in m € [n, cn]. Let us demonstrate that B = B’.
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Let w € B. Then there exists ¢ € (0, 1] such that w € B(g), in other words, for an
arbitrary k € N there exist n > k and m € [n, cn] such that

‘%iX(i,m)

i=1

> g,

so that % 37, X(i,m) does not tend to zero as n — oo uniformly in m € [n, cn].
Now let @ € B’. Then for any k € N and any ¢ € (0, 1] there exist » > k and

m € [n, cn] such that
1 n
- ZX(i,m) > g,
L

thatis, w € B. Thus, B = B’.
For 0 < &1 < &3 < 1, the inclusion B(g;) € B(e>) is true, therefore,

B = D B(1/k),

k=1

so P(B’) = P(B) = 0 by (3.6.9), which yields (3.6.7).
In order to prove Theorems 3.6.1-3.6.3 it remains to validate inequality (3.6.8). To do
this, we first note that

n 6
E(ZXk) <6l(Zi 4+ 211) (3.6.10)
k=1

(for the sake of brevity we write X} instead of X (k,m)), where

n
¥ =Y EX?.
i=1
o =Y |EX)X;|
(in the second sum the summation is over all i, j from 1 to n such that i # j),
S5 =Y [EX/ XX
(the summation is over all 7, j, k from 1 ton such thati # j,i # k, j < k),
Ty= Y |[EX}X7|
(as for X5, the summation is over all 7, j from 1 to n such thati # ),

D5 =Y [EX) XX
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(the summation is over all i, j, k from 1 ton such thati # j,i #k, j # k),
Se =Y |EX}X]|
(the summation is over all 7, j from 1 to n such thati # j),
¥ =Y [EX? XX}
(the summation is over all i, j, k from 1 to n such thati # j,i # k, j # k),
S5 = ) [EX? X X, X)|
(the summation is overall i, j, k,/ from 1 ton suchthati # j,i £ k,i £1,j <k <),
So =Y |EX? XX, X||

(the summation is over all 7, j, k, [ from 1 to n such thati # j,i # k,i # 1, j # k,
J#FLk<D,
Sio = Y [EX7X; X X X,

(the summation is over all i, j, k, [, u from 1 ton suchthati # j,i # k,i #1,i # u,
j<k<l<u),

i =Y |EXiX; X X1 X, X

(the summation is over all i, j, k, [, u, v from 1 ton suchthati < j <k <1 < u).

By virtue of the trivial inequality

X <1, i=1,...,n, (3.6.11)
we easily see that

T <n’, k=1,...,7. (3.6.12)
Let us find a bound for Xg. We set

Ss1 =y |EXX; XX,

where the summation is over the same i, j, k, / as in Xg but under the additional constraints
I #£m—i,l #m—j,| # m—I.Itisnotdifficult to see that ¥g ; = 0, because under these
constraints the random variable Xj is independent of X, l.3Xj Xy and EX; = 0. Therefore,

Yg < Xg+ g3+ Zg4 + Xg,s,
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where the summation in the sums X3 5, ..., 23,5 is under the same constraints as in X, but
under the additionalone/ = m —i,l =m — j,l = m—k,l = m — I, respectively. It is
not difficult to see that

g2 < X3 <n’,

g3 < U5 <n’,

g4 < X5 <n.

Finally, by virtue of (3.6.11)

n
Ses< Y [EXP X Xp Xpo| <17,
i,jk=1

(for non-integer a we set X; = 0). We thus arrive at the inequality
Yg < 4n’. (3.6.13)
Next, let us find a bound for Xg. To do this, we first observe that the sum
Sou = ) EX X7 XX,

where the summation is over the same i, j, k, [ as in the sum X¢ but under the additional
constraintthat/ #m —i,l £m—j,l # m—k,l # m —1I, vanishes because under these
constraints X; is independent of Xl.2 ij X and EX; = 0. Therefore,

Y9 < X9+ X933+ Lg4+ 2o,

where the summation in the sums Xg 5, ..., X9 5 is over the same i, j, k, [ as in Xg but
under the additional constraint that /| = m —i, | = m—j, |l =m—-k,| = m — |,
respectively. It is not difficult to see that
Yo < s <1,
Y93 < s <n’,
" So4 < X7 <1,
Bos < Y |EXPXPXiXja| <0’
i,jk=1
Combining these bounds we find that
Yo < 4nd. (3.6.14)
As above, the sum
Tio1 = Y [EX?X; Xi X1 X,

where the summation is over the same i, j, k, [, u as in the sum X ¢ but under the additional
constraints that u # m —i,u #m— j,u #m—k,u # m—1, u # m — u, vanishes.
Therefore,

Y10 <2102+ 2103+ 2104 + X105 + X106,



164 3. Random A-permutations

where the summation in the sums Xjg 2, ... X10,6 is over the same i, j, k, [, u as in Xjg
but under the additional constraintthatu = m —i, u =m— j,u =m—k,u =m — |,
u = m — u respectively. It is clear that

3
Y02 < Xg < 4n’,

and fort = 3,4,5
Tioy < g < 4.

We observe that
Si06 = Y [EX?X; Xp X1 Xpj2| =0,

because j <k <! <m/2,i # m/2 in the summation domain, so
EX?X; X X1 Xmj2 = EX? X Xi X(E X/

and
EX; =EX, =EX; =0.

Out of three subscripts j, k, /, only one can be equal to 7, and one, to m — i, whereas the
random variable labelled with the third of these subscripts is independent of the others, and
EX. l.2 X Xy X) is equal to zero. Combining these bounds, we arrive at

Sio < 4n’ +3-4n® = 16n°. (3.6.15)
It remains to find a bound for X11. First we observe that the sum
T = Y EX X Xi Xp X Xol,

where the summationis overall i, j, k,/,u,vfromltonsuchthati < j <k </ <u<v
andv#Fm—i,vEFm—j,v#Em—k,v#m—I,v#m—u,v# m— v, vanishes.

Therefore,
;
¥ < E i,
r=2

where the summation in the sums X4 ,..., 13,7 is over the same i, j, k, /, u, v as in
the sum X; but under the additional constraint that v = m —i, v =m— j,v =m —k,
v=m—1I,v=m—u,v=m— v respectively. It is clear that

i1 < Xyo < 1607, t=2,...,6.

We also see that
i, = Z |EX;A/}'XkX1XuXm/2| =0

(the summation is over all 7, j, k, [, u from 1 ton suchthati < j <k </ <u <m/2),
because
EX; =EX; =EX; =EX, =EX, =0

and the random variables X;, X;, Xy, X;, X,, X,/ are independent, since the sum of any
pair of subscripts of {i, j, k, [, u} is less than m. Thus, we arrive at the bound

T < 80n°. (3.6.16)
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Combining bounds (3.6.10) and (3.6.12)—(3.6.16), we obtain

n 6
E(ZXk) <6!n*(7T+4+4+16+80)=6!111n°.
k=1

Theorems 3.6.1-3.6.3 are thus proved.
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Infinitely divisible distributions

4.1. Probabilities of large deviations

In this and the next section, we assume that the random variable & has an infinitely divisible
distribution:

; 22 o [ itx
E”S: ~t_0_ / itx _1_ """ VG(d ,
e exp (zy 3 + . e T (dx)

where G(dx) is its Lévy spectral measure (Petrov, 1975, section 2.2, formula (2.12)) on
(—00,0) U (0, 00) (maybe unbounded in the neighbourhood of zero), and the integrals

/_11 x2G(dx), /_: G(dx), /loo G(dx)

are finite, 0 > 0, y is some real number, and ¢ € (—o0, o). Here we study the asymptotic
behaviour of the probability P{§ > ¢} as t — oo in terms of the spectral functions

—t

q(t) = [OO G(dx), p@) :/ G(dx), t>0.

Three theorems below and their corollaries are the main results of this section.

THEOREM 4.1.1. Let

t
lim sup q() < 00,
t>oo q(2t)

“.1.1)

that is, q(t) is dominatedly varying at infinity (see Remark 1.6.1). Then, as t — 00,

P{E > 1}~ q ().
The definition of weak convergence of functions is given in the beginning of Section 1.6.

COROLLARY 4.1.1. Let q(t) be weakly oscillating at infinity, that is, q(t)/q(t) — 1
ast — oo, t/t —> 1. Then

P{& >t} =(1+0(1)q(@), t — oo.
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THEOREM 4.1.2. Let E|§| < oo, (4.1.1) hold, and for some a > 0 let the function q(t)
possess a continuous derivative ¢’ (t) which is concave on [a, 00). Then, ast — oo,

P{E > 1} = q(1) —E&q'(1) + o(g(1)/1).

COROLLARY 4.1.2. Under the hypotheses of Theorem 4.1.2,

P>t =q@)+ O(q@)/1), t — oo.

COROLLARY 4.1.3. Let E|§] < o0, q(t) be regularly varying at infinity with index
—a € (—00,—1), and q” (t) do not increase for t > a. Then, ast — oo,

P{E >t} =q(t) + aEEq(t)/t + o(q(1)/1).

THEOREM 4.1.3. Let q(t) be regularly varying at infinity with index —a € (—1, 0], and
for some a > 0 let the function q(t) possess a continuous derivative q'(t) which is concave
onla,o0). Then, ast — oo,

r2(1 —a)

2 q@) (' )
2= 20! (1) + O(T/o p(u)du) + o(¢* (1)),

P{E>1}=4q()—

where T'(-) is the Euler gamma function.

COROLLARY 4.1.4. Let the hypotheses of Theorem 4.1.3 be satisfied and p(t) be
Lebesgue-integrable on [1, 00). Then, ast — 00,

r2(l —a)

2 2
m‘] () +o(g=(1)).

P>t} =q() -

For o = 1/2, the second term in the last two asymptotic formulas vanishes.

A great body of studies are devoted to the asymptotic behaviour of infinitely divis-
ible distributions at infinity: (Antonov, 1981; Kruglov, Antonov, 1982; Kruglov, Ant-
onov, 1984; Baltrunas, Yakymiv, 2003; Zolotarev, 1961; Zolotarev, 1965; Kruglov, 1971;
Kruglov, 1972; Kruglov, 1973; Kruglov, 1974a; Kruglov, 1974b; Ulanovskii, 1981; Sgib-
nev, 1991; Sgibnev, 1990; Yakymiv, 1987b; Yakymiv, 1990b; Yakymiv, 2002; Acosta, 1980;
Acosta, Gine, 1979; Araujo, Gine, 1980; Embrechts ef al., 1979; Embrechts, Goldie, 1982;
Griibel, 1983; Griibel, 1983; Griibel, 1987; Hikaru, 1989; Sato, 1999; Ramachandran, 1969;
Ruegg, 1971; Yakymiv, 1997), just to name a few. Let us highlight the most typical res-
ults. In 1961, Zolotarev showed that if £ > 0 and ¢(¢) regularly varied at infinity, then
P{& > t} ~ q(t) ast — oo. In (Embrechts et al., 1979), a necessary and sufficient con-
dition for P{§ > t} ~ ¢(t) ast — oo was found. It consists of subexponentiality of the
distribution of £. The subexponential distributions were introduced in (Chistyakov, 1965)
and found application in the theory of branching processes, queue theory, renewal theory,
and the theory of infinitely divisible distributions. We recall that the distribution of a random
variable £ is said to be subexponential if

1 — Fx F(t)

2, t ,
—F0) — — 0
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where F(¢) is the distribution function of the random variable & (for more details, see
(Bingham et al., 1987)). In (Sgibnev, 1990) the case is considered where the last ratio
tends to some constant, so one finds oneself in the context of the so-called distributions of
exponential type introduced in (Chover et al., 1973a; Chover et al., 1973b)). By the way,
(4.1.1) does not imply that the distribution of the random variable & is subexponential.

Let a positive decreasing function t(¢) obey the relation

—/t (t —s)dt(s) = 0(z(1)), t — oo.
0
In (Griibel, 1983) it is shown that
P{& >t} = O0(x(1)) < q@) = O(x(1)), t — o0,

and the symbol O can be replaced by o.

Various bounds for the difference between P{§ > ¢} and ¢(¢) are found in (Griibel,
1983; Griibel, 1987; Baltrunas, Omey, 1998; Baltrunas, Yakymiv, 2003; Yakymiv, 2001). In
(Kruglov, 1984, Theorem 6.3) it is shown that if P is an infinitely divisible distribution in a
Hilbert space with Lévy measure G, then the relations

inf{t:t >0, G{x:|x|| >1}) =0} =y

and
In P({x:[|x]| >#}) 1

t—00 tin(t + 1) Y

are equivalent.

The case where the Lévy measure of an infinitely divisible distribution is concentrated
on a finite set is quite thoroughly studied. The most general results are in (Kruglov, Ant-
onov, 1982; Kruglov, Antonov, 1984). Some questions related to asymptotic behaviour of
infinitely divisible distributions at infinity are considered in (Sato, 1999, Chapter 5, Sec-
tions 25 and 26). Our survey is by no way complete, though.

Theorems 4.1.1-4.1.3 are proved in (Yakymiv, 1987b).

Let us turn to proving Theorems 4.1.1-4.1.3 and their corollaries. We introduce

F(t) =P{& <1}, T(t)=1-F(@),

d
q:1(t) = —Eq(t), 0(@) = q(0) —q(@)

(provided that ¢(0) < co)

r(t) = {3(1)7 i i(();

o0
In=/ t"q(t) dt, n=0,1,2,...,
0

q*(t)/t otherwise;
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let £ (¢) denote the nth derivative of a function f(r), while f©@ () = f(¢); let ry(f) be
the n-fold convolution of a function r(¢) with itself: r1(¢) = r(¢), and forn > 1

() = /Ot In—1(t —u)dr(u), t>0.

The Laplace transform and the Laplace—Stieltjes transform of a function f

[o % f(@)dt, /o % df (1)

are denoted by f (A) and f () respectively.
Before proving Theorems 4.1.1-4.1.3, we formulate and prove a series of lemmas.

LEMMA 4.1.1. Let there exist a > 0 such that q(t) = q(a), t € [0,a], and q(t) €
Clla,o0). Then foralln € N

rn(l) = (q(a))n7 te (0,[1], rn(t) € Cl[a,OO),

and for allt € [a, 00)

Fa(t) = q(0)r, (1) = g1 (ra—1 () —/0 Fpo1 (t —1)(q1 () — q1(1)) du.

LEMMA 4.1.2. Let (4.1.1) hold and q(0) < oo. Then there exists a constant ¢ < 00
such that forallt > 0 andn € N

[ra ()] < c"q(2). 4.1.2)

LEMMA 4.1.3. Let (4.1.1) hold, and let q" (t) do not increase for sufficiently large t.
Then t2q" (t) and tq' (t) are O(q(t)) ast — oc.

LEMMA 4.1.4. Forsome a > 0, let g(t) = q(a), t € (0,a], ¢(t) € C'la, ), let ¢'(1)
be concave on the set [a, 00), and let one of the assumption below be fulfilled:

(A) Iy = oo and q(t) is regularly varying at infinity;
(B) Ip < oo and (4.1.1) holds.
Then there exists a constant b < oo such that for allt > 0, n > 1
[ra (O] < b"h(1). (4.1.3)
LEMMA 4.1.5. Let (4.1.1) hold. Then foralli,j > 0asX | 0
g0 () = 0(g TG,

and the symbol O in the last expression can be replaced by o if I;y ;1 = oo.
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LEMMA 4.1.6. Let (4.1.1) hold, and let an n-tuple of non-negative integers iy, ..., iy

obey the relation
n
> jij=n.
j=1

Then, as A | 0,
[ [@gon)s = o(g"=Pm)D.

j=1
and the symbol O in the last expression can be replaced by o if i, = 0 and I, = oo.
LEMMA 4.1.7. Let (4.1.1) hold and Iy < oo. Then foralli, j € N

§PM7P ) = 0(g @D, Lo,
and the symbol O in the last expression can be replaced by o if I;; = oo.

PROOF OF LEMMA 4.1.1. For n = 1, the lemma is,obviously, true. Let the lemma be
true forn — 1, n > 1. Since

r(1) = q(0), rn-1(0) = (q(0))""!
fort € (0, a], we see that
® = [ st =) dra(@) = ris (0 0) = GO
0
fort € (0,a]. Fort > a we find that
0 = 4 (100 = [ = )

t

= 4, (1) — 1 (a1 (@) — / P — ) () e,

a

hence,
1) = qO)ry_; (1) = g1 (O1a—1(t) + (ra—1(t) — ru—1(a))q1 (¢)
~ [ it =) d
¢ t
= 40510~ 1 Or O = [ 1= 0@ - 01 0) du
The lemma is proved. O

PROOF OF LEMMA 4.1.2. We observe that

¢ /2 ¢
[ 4t — 1) dQ ) = / 4t — 1) dO) + / 4t — 1) dQ(w)
0 0 t/2

= q(1/2)q(0) + q(0)(q(1/2) — q(1)) = 29 (0)q(z/2).
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We set
¢ = max(1,q(0) + cy),

where

¢ = sup [0 4t — 1) dQ()/q(0).

t=0

In view of the above bounds, ¢ < co. Let us prove relation (4.1.2) by induction. Forn = 1

it is obviously true. If # > 1 and (4.1.2) holds true for n — 1, then

Ira0)] = ‘q<0)rn4(z> _ [0 Faca(t — 1) dQ(w)

t
=0 g0+ [ g -w dow
0
< ¢"71(g(0) + e1)g () = "q(1)
for all # > 0. The lemma is proved.

PROOF OF LEMMA 4.1.3. The lemma follows from the inequalities

3t

2t
e / (o) du > 1g1(21) > 1 / ¢" () du > 2" (31)
t 2

t
and the fact that

q(t) < q2t) < q(31)
ast — o0.

PROOF OF LEMMA 4.1.4. The constants defined by the formulas

= ( [ T — 0@ — 1) du/h(r)) ,
ex = sup(r3 01/ o)
¢4 = ig(q(z)ql(z)/h(r))

are finite. It is easy to see, indeed, that for ¢ > 2a

t/2
05/0 h(t — u)(q1 () — 1 () du

t/2
< h(t/2)/0 q1(w) du = O(h(t)), t — oo.

Further, by virtue of Lemma 4.1.3,

t—a t/2
[ h(t — 1)1 ) — 1 (0)) du < ¢(1]2) / uh(u) du
t/2 0

t
= 0(q(1))1%) / uh(u) du = Oh(1)).

(4.1.4)

(4.1.5)
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because in case B, as t — oo,

t t t
) = [ wh(u) du = f ¢2(u) du < (0) f ¢(u) du = O(tg(1),

and in case A I(t) = O(l1) ast — oo. Finiteness of ¢, follows from (4.1.4) and (4.1.5).
Next, fort > 2a

d t
40 = 4 (1000 = [ g - an)
t

= 2001 (1) + /0 1t — )1 () d,

hence it follows that
t/2 oo
) =2 ([ 1)1 (¢ — ) du—ql(u/ ql(u)du>
0 0

t/2
=2 ([o g1 ) (g1t —u) —q1()) du — Q1(l)q(t/2)) .

From the obtained relation and Lemma 4.1.3 it follows that
() = —q1()q(t/2) + O(g*(1)/1) = O(h(1)), (4.1.6)

t/2 t
ry(t) < 2q”(t/2)/0 uqy(u)du = O (%?/0 q(u) du) = 0(h(1)) (4.1.7)

as t — oo. Finiteness of c3 follows from (4.1.6) and (4.1.7). Next, by virtue of
Lemma 4.1.3,

q()q1(t) = O(g*(1)/1). 1 — o0,
which implies that ¢4 < co. Let
b = max(c, q(0) + c2 + ¢4, A/c3).

Let us prove that inequality (4.1.3) holds true for all » > 1. For n = 2 it follows from
finiteness of ¢3 and the inequality c% < b. If n > 2 and (4.1.3) is true for n — 1, then, by
virtue of Lemmas 4.1.1 and 4.1.2,

t

lra (0] = q(O)V,',_l(t)—ql(t)rn—l(t)—fo Fpey (0 = u)(q1(u) = q1(1)) du

Eq(O)Ir;_l(l)l+C"_1tI1(l)q(l)+/0 [y (t —w)l(g1(u) — q1(1)) du.

Hence, by the induction assumption, we obtain

t
ra(@)] = q()B" h(t) + "~ eah () +b”_1/0 h(t —u)(q1(u) — q1 (1)) du,
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or

rn (O] < h(@)((O)D" " + cac™™ " + e26"7") < h(0)D"™(g(0) + ca + ¢2) < b"h(1).
The lemma is thus proved. O
PROOF OF LEMMA 4.1.5. We observe that
MgV 0 = DR,
where
I(x) = /Ox wq)(x —u) g(x —u) du, x> 0.

By virtue of (4.1.1), the inequalities
12 . . t
| g —wg —uydu =g/ [ ulg du
0 0

. . t . .
=ty /2) (/ u'q(u) du/t"H)
0

="+ g (t)o(1)

are true as ¢ — 0o. Using the same estimates for the integral from /2 to ¢, we conclude
that )
I(t) = o(t'™™ T 1q (1)), t — o0,

which proves the lemma. O
PROOF OF LEMMA 4.1.6. We observe that forany j € N
g = jgu ") + 23V = 0(gvP @D, Ao,
It remains to make use of Lemma 4.1.5. O

PROOF OF LEMMA 4.1.7. The bound

t/2 . o o )
/ wq)(t —u) q(t —u)du <t q(t/2) (/ u'q(u) du/t') (4.1.8)
0 0
is true. Besides, under the hypotheses of the lemma
4 . .
/ u'q(u) du = o(t"), t — oo. (4.1.9)
0

It is easily seen, indeed, that for any ¢ € (0, 1)

/Ot (%)iq(u) du < fow (%)iq(u) du + /tt (%)iq(u) du

<é /(;ooq(u)du—i-/tooq(u)du.

&
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Since Iy < o0, hence it follows that

t i oo
lim sup/ (z)l qu)du < si/ q(u)du.
o M 0

=00

Relation (4.1.9) is true because ¢ is arbitrary. From (4.1.1), (4.1.8), and (4.1.9) it follows
that

t/2
/ uiq(u)(t — u)jq(t —u)du = 0(ti+jq(t)), t — oo.
0

Using the same estimates for the integral from #/2 to ¢z, we conclude that

t
/ wq)(t —u) gt —u)du = o(t' T/ q (1)), t — oo.
0
The last asymptotic relation proves the lemma. O
PROOF OF THEOREM 4.1.1. We set

®(r) = (1 —exp(—1))/t, t >0,
(L) = &(rg(Rr)), A>0.

Without loss of generality (Feller, 1966, Section XVIL.4), we set £ > 0 and ¢(0) < oo.
Assuming that the location parameter is zero, we obtain

o
Ee ¢ =exp (—f a- ef)‘x)G(dx)) , VA >0,
0

hence
T() = (1 —exp(=Ag (M) /A = PAGR))F(2) = ¥()G(R). (4.1.10)
From the definition of the function ®(x) it follows that for any positive integer m
oMty > (=)™ /(m+1), t]0. 4.1.11)
Furthermore, for m € N
T = é (Z)\w’ﬂ(x)g('n—k’(x). (4.1.12)

Using formula (0.430) in (Gradshteyn, Ryzhik, 1980) for the mth derivative of a composite
function, we obtain

m
V@) = Y e@AGeNCa.....im) [ TGN, (4.1.13)
i1 5eeesim j=1
where the summation is over all ordered sets of non-negative integers i1, . . . , i, Which obey

the relation

m
E jij =m,
j=1
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and
m
k=i
j=1
while C(iy, ..., ;) are some constants. Hence, in view of (4.1.11) and Lemma 4.1.6, we
obtain

vy = 0§ ), A0, (4.1.14)

for any m € N. We choose M € N so that 5y = oco. We fix an arbitrary n > M. From
(4.1.12) and (4.1.14) it follows that

T®}) = WP 0) + 0 (Z 135D () ) (x)|)
k=1
as A | 0. Therefore, by virtue of Lemma 4.1.5 and relation (4.1.11),
T®0) = vWZ" W) + 07" M) = (L +o(1)gP (). A Lo0.
In order to prove the theorem, it remains to use Theorem 1.6.2. O

PROOF OF THEOREM 4.1.2. First we assume that G((—o0,a]) = 0 for some a > 0.
Then (4.1.10) holds. We set

p() = T(h) =G,
@) = (1 —exp(=A) — A)/A,

and rewrite (4.1.10) as follows:

p(h) = ¥ (R)gR). (4.1.15)
where
v(A) = e(Agh),  A>0. (4.1.16)
For (1), the relations

p(1) =—1/2+ 0(),

™M (1) = eH” +o(l), t—0, (4.1.17)
m+1

are true for fixed m € N. Therefore, as A | 0, (4.1.16) and (4.1.17) yield
AA
v() = —7(1 +o(1)), (4.1.18)

v ) =o' Agh)AG(R) = —;(1 +o(1)), (4.1.19)
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where A = M &. Making use of formula (0.430) in (Gradshteyn, Ryzhik, 1980) for the mth
derivative of a composite function, we see that

vy = Y e®AGaNChL, .. im) [ [ (RGN, (4.1.20)
i1seensim j=1

where the constants C(iy,...,i,) and the summation domain are the same as in formula
(4.1.13). By virtue of (4.1.17) and Lemma 4.1.6, hence we find that for any m € N

vy = o(g"m . alo. (4.1.21)

Let M € N be chosen so that Ipy—; = oo. We fix an arbitrary n > M. Setting m = n
in (4.1.20), making use of (4.1.17) and Lemma 4.1.6, we conclude that, as A | 0,

Y () (L) = @' AGONAGON + 0(1g" P (M), (4.1.22)
because C(0,...,0,1) = 1. By virtue of (4.1.21) and Lemma 4.1.7 we see that, as A | 0,
n n o
o =3 () Jen
k=0

=y M)FP M) +ny' MGV ) + P W)GA) + o(IgP ()]),
which, in view of relations (4.1.18), (4.1.19) and (4.1.22), yields

rA A A
PP () = ==-4" W +o(1) = Zng " () = GG + 017"V (D
=—AGGON + 017" V@)D, A Lo,

(4.1.23)
We set
f@O) =T —q@)—E&q'(t), g)=q@)/(t+1), t=0.
From (4.1.23) it follows that
F)=o0(g™MWD. Ao (4.124)
From the equalities
F() = exp(=23() = S (=2G (1) /k!
k>0
= Y (FON /R = (DR /K
k=0 k>0
it follows that
T(0)—q@) =) r';:) (—DF+L (4.1.25)

k>2
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By virtue of Lemmas 4.1.3 and 4.1.4, hence we obtain

/() =0(@g@®/1), - o0 (4.1.26)

Beginning with relations (4.1.24) and (4.1.25), with the use of Theorem 1.6.3, we see that
Theorem 4.1.2 is true in the special case just considered.

In the general case, the distribution of & admits the representation (Feller, 1966, Sec-
tion XVIL.4 (d)) as the distribution of the sum of three independent random variables t,
—11, and 3 such that for any m > 0

P{lra| > t} = o(t™), t — oo, 4.1.27)

whereas the random variables T > 0 and t; > 0 have the spectral functions ¢(max(, a))
and p(max(t, a)) respectively. We set v = 1, — 79. Since 11 > 0, from (4.1.26) it follows
that for any m € N

P{v >t} =o(™), t — oo. (4.1.28)
By the proved above, as # — 00,
P{r >t} = q(t) + Erq1 (1) + O(q(1)/1). (4.1.29)
We set
R(t)=P{t>1t}, H(@t) =P{v=<t)
We observe that
P{t+v>1—P{t > +ER(t—v)— R(t) = /:(R(t —u)— R(t)) dH (u)

=T+ 1T+ T3,
(4.1.30)

where Ty, T», T; are the integrals over the sets (—oo, —/1), [—/1, V1], (v/1, 00) respect-
ively. By (4.1.29),

Vi
T :/ (R(t — u) — R(t)) dH (u)

Vi
- / (@t — 1) — () dH @) + 0(q(1)/1)

ast — oo. Since for u < 0 the difference ¢(t) — q(¢ — u) is positive and does not exceed
|u|gy(¢), from the estimate obtained it follows that 77 = o(q(t)/t) as t — oo. Further,

|75] = ’/;(R(t —u)— R(t)dH(u)| < /; dH (u)

=Plv>1;=0(q®)/1). 100,
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by virtue of (4.1.28). In view of (4.1.29), T3 is estimated as follows:

Vi Vi
I, = /_ﬁ(q(l —u) —q()) dH (u) + Ef/_ﬁ(ql(t —u) —q1(0)) dH (u) + o(q(1)/1)

as t — 00. We observe that

Vi [
—u) — d "t — dH (u).
[ﬁ|q1(z u) = g1 ()] dH(w) =< 4" (¢ ’)L,o'“' H(u)

The last expression, by virtue of Lemma 4.1.3, is 0(¢(¢)/t) as t — o0o. Therefore, by the
mean value theorem, for some 6 € [—1, 1] depending on ¢,

Ji
RN /_ dH () + 0lg)]1)

=q1(t + OVOEv + 0(q(1)/1), t — o0.
Thus, as t — oo
Ty = q1(DEv +0(q (1) /1),

because by Lemma 4.1.3

g1t + 051) =1 ()] = Vig"(t = V1)

= 0Wig)/1*) = o(q()/1), 1 — oo

From (4.1.29) and (4.1.30), in view of the above estimates of T, T3, T3, we obtain

P{t+v>1t}=q@) +E(x+v)q:1(t) +0(q@)/1), t — oo.
The theorem is thus proved. O

PROOF OF THEOREM 4.1.3. Here we use the notation introduced in the proof of The-
orem 4.1.2. In the case where G((—o0,a]) = 0, from relations (4.1.15)—(4.1.17) and
(4.1.19) we obtain

p'A) = ¢ Ag)AGA)GR) + (hg())F ()
= (Ag)Y'GM) (1 + o(1)) = Ag(M)F' M)(1 + o(1)))

T2
PN 1. ~
=AgM)q' ) — 5!12()») +o@ ), Ao
Hence it follows that fort = 1/A

p'(h) =-T(1 -T2 -a)?q* (1) + %Fz(l —a)t’q? () + o(tq*(1))

= %r2(1 —a)(1 —2a)t2¢*(t) + o(t*¢*(1))
=yg () +o(g' M), A lo,
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where I )1 — 20
—a)(1 — 2«
1) = q*(¢ = ——
g() =q°(1). T2 —20)
So for the function f(¢) = T(t) — q(t) — yg(t) we obtain
J0y =01, Ao
From representation (4.1.25), Lemmas 4.1.3 and 4.1.4 it follows that
f1@) = 0(g®)/1), t — o0.

In view of Theorem 1.6.3 and Remark 1.6.1, hence it follows that the theorem is valid in the
just considered special case. Next, we represent the integral in (4.1.30) as the sum of the
integrals Ji, J,, J3 over the intervals (—oo, 0), [0, v/7], (v/7, o0) respectively. The integral
J3 is estimated in the same way as 73. By virtue of the inequality

0<q*(t—u)—q*(t) < qt — V1)(q(t —u) — q(1)).

which holds true for# > 1 and u < \/; , we obtain
NG
= [ =0 = g@)aHw + o)

Ji
—olaw fo wdH@W) | + 0@ (0) = o). 1 — .

Besides,
0
= [ @ =n-a@) dt + oGP0

=_ /000 g1t + u)H(—u)du + o(¢*(?)).

We set
01@) =P{r; > t}.

Since

H(—t) = 01(t) + o(t™?), t — oo,
we obtain

Jl=—/o G+ 1)1 W) du +o(g(1), ¢ = oo

The last expression is 0(g2(¢)) as t — oo, provided that Er; < oo. Let us consider the case
where Et; = oo. First,

t t
/ql(r+u)Ql<u)dusq1(r>[ 0, (u) du
0 0

t
- ql(t)/o 2y du(l +o(1). 1 — oo,
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Second,

/ 01t + 1) 0 () du < Ql(z)/ 1t + u) du
t t

= 01(0q(21) = @/0 01(u) du.

Therefore, as t — oo,

n=0 (%’) /0 ) du) ol (0)).

These estimates prove the theorem. O

Let us give an example where f(1) = P{& > ¢} ~ g(t) but f(t) ~ q(t) as t — 0.
We set (1) = 1/t fort € (0,1), g(1) = 27" fort € [2",2"T1), n > 0. It is clear that
q(t)/q(2t) < 2fort > 1, so (4.1.1) holds. Therefore, f(¢) R q(t) as t — oco. Assume that
f(t) ~ q(t) ast — oo. Then there exists b > 1 such that for ¢t > b

200 = F(0 = 2400, @131)

We choose 7 in such a way that 2"~ > b and set t = 2". By (4.1.31), we obtain

3 5
27N < f(n) < -2 4.1.32
RV (UES (4.1.32)
For ¢ € (0,27"), by (4.1.31),
3 —t-1) 3 —(n-1)
-2 < f(t—e) <=2 . (4.1.33)
4 4
From (4.1.32) and (4.1.33) it follows that
3 5 1
_ _ > _2—("—1) _ _2—n — _2—n'
fe—e—f®) =] 2=

The last relation contradicts the continuity of the function f at the point z. In other words,
f(t) ~q(t)ast — oo.

Tauberian theorems are applied to analysing asymptotic properties of stable, particularly
Gaussian, processes and convergence to them in (Kasahara, Kosugi, 2002; Kasahara et al.,
1999; Kono, Ogawa, 1999; Geluk, Peng, 2000; Feigin, Yashchin, 1983; Li, Shao, 2001;
Broniatowski, Fuchs, 1995; Janssen, 1985).

4.2. Asymptotic behaviour of a density at infinity

Let a random variable £ have an infinitely divisible distribution with Lévy spectral measure
G (dx), that is, let the representation of the characteristic function of & given in Section 4.1
take place. In this section we find the asymptotic behaviour at infinity of the function

d
S = ZPE=1
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(under the assumption that the last derivative exists for # > 0). The following two limit
theorems are true.

THEOREM 4.2.1. Let the measure G(dx) be bounded and have a density g(x) which
is continuous on [0, 00), and let there exist « > 0 such that the function b(t) = tg(t) does
not increase for t > o, while

o0, “4.2.1)

that is, g(t) is dominatedly varying at infinity (see Remark 1.6.1) and for any A > 1 let

Jim sup -2 4.2.2)
msup 7= <1, 2.
where r(t) = G([t,00)), t > 0. Then, as t — oo,
f(@0) = g@). 4.2.3)

The definition of weak equivalence of functions is given in Section 1.6.

THEOREM 4.2.2. Let the measure G admit the representation G = G4 + Gp, where
G4 is its absolutely continuous part, and let g(t) be the density of the measure G4. We
assume that for alln € N

/ t"Gp(dt) < oo, (4.2.4)
1

there exist ¢ > 0 and o > &€ such that
gy=r',  Vie (e 4.2.5)

the function b(t) = tg(t) is monotone and continuous for t > «, relations (4.2.1) and
(4.2.2) are true. Then (4.2.3) holds.

Theorems 4.2.1 and 4.2.2 are obtained in (Yakymiv, 2002). The first result in this direc-
tion is given in (Yakymiv, 1990b).

Let us discuss condition (4.2.2) of Theorem 4.2.1. It is well known in the theory of
dominatedly varying functions (Seneta, 1976, Section A.3, Theorem A.5) that (4.2.1) holds
if and only if there exist positive ¢, xo and real 8 such that the inequality

g(y) »\A
o < (;) (4.2.6)

holds for y > x > x¢. So, in order for (4.2.2) to be true, it is sufficient that § < —1 in
(4.2.6). It is easily seen, indeed, that (4.2.2) holds if and only if

At
d
1iminf7f’wg(x) X
1500 [® g(x)dx
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which is equivalent to the relation

o.¢]
d
lim sup m < 00

4.2.7)
t—0o0 ft)"t g(x) dx

Since g(x) is dominatedly varying, (4.2.7) is true if and only if

00 4
lim sup 71’ glx) dx
t—>o00 tg(t)

Changing the variable x = u¢, we arrive at the relation

> t
lim sup / £ 1y < oo, 4.2.8)
t-oo J1 &)

It remains to say that (4.2.8), and hence (4.2.2), is true if inequality (4.2.6) holds for some
B < -1

We give one more sufficient condition for (4.2.2). Since g(x) is dominatedly varying,
for some @ > 0 and measurable bounded functions 7(x), £(x) on [a, 00) the representation

g(x) = exp (n(X) + / ’ 8(1—[) dt) (4.2.9)

is true for all x > a (Seneta, 1976, Section A.1, Theorem A.1). For (4.2.6) to be true, it
suffices that

sup &(x) =

x=a
in (4.2.9). So, (4.2.2) holds if
supe(x) = < —1.

x=a
Let
F(t) =P{& <1}.
As before, let
o o0
H(\) = / e dH(1),  A=>0,
0

stand for the Laplace—Stieltjes transform of a function H (¢).
We formulate four auxiliary assertions.

LEMMA 4.2.1. Let £ > 0, for A > 0 let

FL) = exp (— / - (1 - e—“) G(dz)) . (4.2.10)
0

If the function

L) = /1 G(dy)

is continuous on the set (0, b], so is F(t).
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LEMMA 4.2.2. Let the measure G in (4.2.10) be absolutely continuous, and let its dens-
ity g(t) be continuous for t > «, be right-continuous at the pointt = «, and g(t) = 0 for
0 <t < «. Then F(t) is differentiable for t > «, and the derivative F'(t) = f(¢) fort > «
obeys the relation

t
() = [0 (t = gt — y) dF (). @2.11)

LEMMA 4.2.3. Let the measure G in (4.2.10) be absolutely continuous, and let its dens-
ity g(t) be continuous on [0, 00). Then F(t) is differentiable for t > 0, and its derivative
F'(t) = f(t) obeys (4.2.11) for t > 0.

LEMMA 4.2.4. Let £ > 0 and relations (4.2.4), (4.2.5), (4.2.10) hold. If g(t) = 0 for
t >, o > 0, then the density f(t) of the distribution of £ is
J@)y=o(™), - o0, (4.2.12)

for any fixed n € N.
We first derive Theorems 4.2.1 and 4.2.2 from Lemmas 4.2.1-4.2.4, and then prove the
lemmas.

PROOF OF THEOREM 4.2.1. From Lemma 4.2.3 and relation (4.2.10) it follows that for
A>0

o0
F(\) = exp(—=r(0)) + f(X) = exp (—/ 1- e_)")g(t) dl) . “4.2.13)
0
Differentiating (4.2.13) n times as a composite function, we arrive at
n
FP0) =FQ) Y Clr.....i) [[@P )Y, (4.2.14)
i1 yeein j=1

where the summation is over all ordered tuples of non-negative integers i1, ..., i, which

obey the condition
n
Y =n
Jj=1
and C(iy, ..., i,) are some constants. Let k& € N be chosen so that
o0
@:/z@mm=m
0

We fix an arbitrary n > k. Then, by virtue of Lemma 4.1.7, for all iy,...,i, such that
i, = 0 we obtain

[TE20)7 =0z, o, (4.2.15)

j=1
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Since C(0,0,...,0,1) = 1, from (4.2.14), taking (4.2.15) into account, we obtain
J™0) =1 +001)g"(), Ao (4.2.16)
We set
a(ty =1f(), b@)=1g@), 1=0.

From (4.2.16) it follows that relation (1.6.24) holds for all # > k — 1. Furthermore, (1.6.22)
follows from (4.2.1). In order to make use of Theorem 1.6.5, it remains to show that (1.6.23)
is true. By virtue of Lemma 4.2.3, equality (4.2.11) is true for # > 0. In terms of the
functions a(¢) and b(¢), this equality takes the form

a(t) = /0 tb(t —u)dF(u). (4.2.17)

From (4.2.17) it follows that
X y
a(y) - ax) = / (B —u) — b(x —u)) dF ) + / b(y — ) dF ()
0 X

X y
E/ (b(y—u)—b(x—u))dF(u)—}-/ b(y —u)dF(u),

—Q

for x > o and y > x, because by the hypothesis of the theorem the function b(¢) does not
increase for t > «. Therefore,

y
a(y) —a(x) < /

b(y —u)dF(u) < supb(v)(T(x —a) — T(y)), 4.2.18)
xX—o v=0
where
Tu)=1-— F(u), u>0.
We observe that

r) —r() _ Jygwdu _ [ gw)du

<

r(x) [ Cg(u)ydu ~ [ g(u) du
g0 —x) _ (Z N 1) g(x)
= xg2x)  \x g(2x)

for y > x > o because of the monotonicity of g(x). The last expression is o(1)O(1) =
o(l) as x — 00, y = x + o(x) according to (4.2.1). Therefore, r(x) is weakly oscillating
at infinity. So, with the use of Corollary 4.1.1, hence we obtain

T(x) = (1 +o()r(x), X — o0. (4.2.19)

We observe that condition (4.2.2) is equivalent to

tA
d
liminfm >0

- (4.2.20)
t—00 fz g(x)dx
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In its turn, (4.2.20) is equivalent to the inequality

. r(t)
lim sup ———— < oo. 4.2.21)

t—00 f[tk g(_x) d_x

But relation (4.2.21), because g(x) is dominatedly varying, holds true if and only if

r
lim su
t—>oop tg(t)

(4.2.22)

From (4.2.19) it follows that
T(x—a)=Ty)=1+o)r(x—a)—(1+o(1)r(y)
=r(x—a)—r(y) +o@r(x)) = o(r(x))

for y > x as x — 00, y = x + o(x) because, as we have seen, r(x) is weakly oscillating.
In view of (4.2.22), hence we obtain

T(x—a)—T() =o(xg(x)) 4.2.23)

for y > x as x — 00, y = x + o(x). Relation (1.6.23) now follows from (4.2.18)
and (4.2.23). Theorem 1.6.5 now yields a(f) ~ b(f) as t — oo, which, in turn, yields
f(@® = g(t). Thus, the theorem is proved in the special case under consideration. By the
way, f(x) is bounded for x > 0: by Lemma 4.2.3, for x > 0

‘l X X
=1 [ =g —narw = [ e - drw

< sup g(v) F(x) < sup g(v).

v>0 v>0

In other words, under the hypotheses of the theorem

sup f(x) < sup g(x) < oo.

x>0 x>0

In the general case, the distribution of the random variable & admits the representa-
tion (Feller, 1966, Section XVIL4 (d)) as the sum &; + & + &3 of three independent in-
finitely divisible random variables &1, &, &3 such that & > 0 has the spectral measure
x{(0,00)}(x)G(dx), &3 < 0, and the distribution of &3 has all moments. We set

H(x) =P{& + & < x}, x € R,
)= SRE =N x#0
We observe that for any n € N, as t — oo,
1—H(@) =P +& >t} <P{E >t =o(™). (4.2.24)

We represent

1) = [ p(t —u) dH ()

oo
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as the sum of three integrals

i - Vi
f(t):/_\/;p(t—u)dH(u)+/\/;p(t—u)dH(u)+[_ p(t —u)dH(u)

o0

=1(t)+ L(t) + I5(1).

(4.2.25)
According to the abovesaid,
p(t) ~g(t), t—oo. (4.2.26)
We fix arbitrary ¢, € (0, 1) and set
§1=1—(1-8)>2
By (4.2.26), there exists xo > 0 such that for x > xo
p(x) = (1+e)gx(1—61)). (4.2.27)
Let ¢y solve the equation
t — /1t = max(xo, /(1 — 81)).
Then for ¢t > 1, in view of (4.2.27),
N
no= [ ope-wdie = s pe
[EENG
<(1+e sup gx(1—26))=<(+eg(t—~)1-561)), (4.2.28)

lt—x|</t

because by the hypothesis of the theorem g(u) does not increase for u > «. We observe
also that for ¢ > 7% the inequality 7 — V't > t(1 — §8;) is true. Therefore, from (4.2.28) it
follows that

L) <1 +e)g(l—81)%) =1 +e)g((l—38) (4.2.29)
fort > t; = max(fo. 872, (1 — §;)~?) by the definition of ;. Next, we set
S=vV1+6—1.
By (4.2.26), there exists x; > 0 such that for x > x;
p(x) = (1—e)g(x(1 + 8)). (4.2.30)
Let , solve the equation

t — /= max(xy, /(1 + 62)).
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Then for t > ¢, in view of (4.2.30),

Ji
no= [ = dH @ = (WD~ HVD) inf _p)

[t—x|<A/t

> (1—e)g((t + VO (1 + 8))(H(V1) — H(—/1)) (4.2.31)

because of the monotonicity of g(x). We observe also that for 1 > 82_2 the inequality
t+ 1> t(1 4 &) is true. Therefore, from (4.2.31) it follows that

L) = (1—8)g(t(1 + 82))(H (V1) — H(=V1))
= (1 —e)g@(l+8)(HW1) - H(=V1)) (4.2.32)
for 1 > t3 = max(r2, §5%) by the definition of §,. Since
H(V1) = H(=1) > 1, t — 0o,
from (4.2.29) and (4.2.32) it follows that
L) R g@), { = oo. (4.2.33)

By (4.2.24),as t — oo
o= [ " P~ dH W) < sup p()(1 — HVD) = o(g(1)).  (4.234)
ﬁ x>0

because the dominatedly varying function g(x) is bounded below by some exponential
function (Seneta, 1976, Theorem A.5). There exists a constant C such that for t > «

v

Vit
no=[ " pe-wanw=c [ g-wdrw
—0o0 —0o0
< Cg()H(—1) =0(g(1)), t— oo. (4.2.35)
Now (4.2.3) follows from relations (4.2.33)—(4.2.35) and the fact that
g((1=98)r) =< g() < g((1+68)1), - o0,
for any fixed § € (0, 1). The theorem is thus proved. (I
PROOF OF THEOREM 4.2.2. In the case where

G(dx) = g(x)xile, 00)}(x) dx,

the reasoning is the same as above, but we use Lemma 4.2.2 instead of Lemma 4.2.3. Then
we assume that £ is a non-negative random variable which satisfies (4.2.10). Let P(x) be
the distribution function of the infinitely divisible random variable with spectral measure
g(x) x{la, 00)}(x) dx, p(t) be its derivative for 1 > « (see Lemma 4.2.2), let H(¢) be
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the distribution function of the infinitely divisible random variable with spectral measure

g()x{[0, @)} (x) dx + Gp(dx), h(t) be its density. Then for ¢ > «

f(t):/o h(u)dP(t—u):/O_ hu) p(t — ) du + h(t) P(0)
t—a
:/ p(t —u) dH(u) + h(t) P(0).
0

We represent f(¢) as the sum of three terms

f@ = /()\/;p(t —u)dH(u) + /\t/; pt —u)dH(u) + h(t)P(0)
=11(t) + I(t) + I5(2).
In the same way as in the course of proof of Theorem 4.2.1 we demonstrate that
Ii(0) = p(0). 1 — oo.

For I, (), the estimate
t—a
L(t) = / p(t —u) dH(u) < sup p(x)(1 — H(V1)) = o(g(1))
’\/; x>o
holds true as t — oo. By virtue of Lemma 4.2.4,

I3(t) = h(t) P(0) = o(g(1)). 1 — oo.

The asymptotic relations obtained for /1, I, I3 yield

f@O)=g@), - o0
The remaining reasoning repeats that used in the proof of Theorem 4.2.1.

Let us turn to proving Lemmas 4.2.1-4.2.4. We set

Fl(t):/otudF(u), Gl(t):fotuG(du), t>0.

Differentiating (4.2.10) with respect to A, we obtain
Fi() = F)G ().

hence fort > 0

t
F1(1)=/0 G\(t — u) dF(u).

(4.2.36)
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PROOF OF LEMMA 4.2.1. From the equality

t+h
Gi(t +h)—Gi(1) = / u G(du) = (t + Oh)(L(t + h) — L(1)), (4.2.37)
t

which is true for all ¢, # > 0, where 6 € [0, 1], it follows that the function G (¢) is continu-
ous on [0, b]. We fix an arbitrary ¢ € (0, b). Then for 4 > 0 according to (4.2.36)

t+h t
Fit+h)—Fi@t) = / Gi(t+h—u)dF(u) +/ (Git +h—u)
t 0
—Gi(t—uw)dFu) =1, + I,.
For I, the inequalities
0<Ii =Gi(WF(@t+h)<Gi(h) =o(l), hlo,

are true. Due to the uniform continuity of G (¢) on [0, b], we find that I, = o(1) as & | 0,
so F1(t) is continuous on (0, b). But for z, 2 > 0, there exists 6 € [0, 1] such that

t+h
Fl(t—i-h)—Fl(t):/ udF(u) = (t +0h)(F(t + h) — F(t)),
t
which implies continuity of F(¢) on the set (0, ). The lemma is proved. O

PROOF OF LEMMA 4.2.2. Lett > 0. Then there is 6 € [0, 1] such that

1 [ 4 B F(t +h)— F(t)
E(/o udF(u)—/O udF(u))—(t—i—Qh)—h .

Then F(¢) has the derivative at ¢ > 0 if and only if there exists the derivative of F(¢) at ¢.
Moreover,
Fi(1) =tF'(1) = 1/ ().

Let us check whether there exists the derivative of F;(¢) ornot. Let 0 < & < & < ¢. Then
t+h t
/ Gl(t~|—h—u)dF(u)—/ Gi(t —u)dF(u)
0 0

t+h t
= / Gi(t+h—u)dF(u)+ / (Gt +h—u)—G(t —u))dF(u).
t 0
But
t+h
/ Gi(t+h—u)dF(u)=0.
t
Therefore, by virtue of (4.2.30)
t
Fi(t+h)— Fi(t) = f (Gt +h—u)—G(t —u))dF(u)
0
t—a+h
:/ Gr(t + h—u) dF (u)
t—a

—a
+ / (G(t + h —u) — G1(t —u)) dF (u).
0
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Let I; denote the former integral and I, the latter. First, there exist 61, 8, € [0, 1] such that
forb(t) = tg(t)

t—a+h
I, =/ Git+h—u)dF(u)=Gi(a+01h)(Ft—a+h)— F —a))

= 01hb(a + O,h)(F(t — o + h) — F(t —a)) = ho(l),  h |0,

because F' is continuous at the point # — o by virtue of Lemma 4.2.1. Second,

t—o t—a t+h—u
L= /0 (Gr(t +h—u)— Gi(t —u)) dF(u) = /0 ([_ b(v) dv) dF (1)
t—a I—a
:h/ b(t—u—l—&h)dF(u):h(/ b(t—u)dF(u)+0(1)), hlo,
0 0

for some 63 € [0, 1] because of the uniform continuity of »(x) on the set [«, ]. The case
h < 0 is treated similarly. Thus, at the point ¢ the function F; has the derivative f;(¢), and

filt) =1/ () = /0 b(t — u) dF(u).

The lemma is thus proved. O

Lemma 4.2.3 is validated with the use of the same reasoning as Lemma 4.2.2, so we
omit the proof.

PROOF OF LEMMA 4.2.4. First we assume that G = G4 and

(1) = {l/t, t €(0,¢),

0, t > e.

Then by (4.2.36) for t > 0
t t
Fl(t):/ F(t—u)dGl(u):/ F(t—u)du, t <e,
0 0
and

Fl(t)=/ti F(u)du, t>e.

Hence it follows that F(¢) is differentiable for ¢ > 0, whereas f(t) = F’(¢) obeys the
equalities

tf(t) = F(v), t<e (4.2.38)
and

tf(t)y=Ft)— F(t—g), t>e. (4.2.39)
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Since the distribution function F(¢) has all moments, we see that for any n € N, as t — oo,
f@O)=t"YF@t)—Ft—¢e)<t7'(1 - F(t —¢)) = o(t™). (4.2.40)

In the general case, f(¢) admits the representation as the convolution

1) = /0 Pt —u) dH ).

where p(t) is the density of the infinitely divisible law with spectral measure ¢! x
x{(0,8)}(t) dt, H(¢) is the distribution function of the infinitely divisible law with spec-
tral measure (g(¢) — =1 x{(0,€)}(¢)) dt. So we obtain

1/2 t
f@ = /0 pt —u)dHu) + /t/z pt—u)ydHw) =1, + 1. 4.2.41)

By virtue of (4.2.40), for /' = p

Iy < H(t/2) sup p(y) =o(t™"), t — 00. (4.2.42)
y=t/2

It is not difficult to see that

¢ = sup p(t) < oo. (4.2.43)

t=0

From (4.2.38) with f* = p it follows indeed that p(z) = co for ¢ € [0, €], where ¢g is some
constant depending on . From (4.2.35) we see that

sup p(t) < oo.

t>¢

Therefore, inequality (4.2.43) implies the inequality
I, <c(Ht/2)— H@1) <c(1—H(@/2) =0™"), t — oo, (4.2.44)

because the distribution function H(z) has all moments. Now (4.2.12) follows from
(4.2.41), (4.2.42), and (4.2.44). The lemma is proved. O

REMARK 4.2.1. From inequality (4.2.43) it follows that condition (4.2.5) is sufficient
not only for the density of an infinitely divisible distribution to exist, but also for it to be
bounded.

4.3. Multidimensional case

Let I" be an arbitrary closed convex acute solid homogeneous cone in R” with apex at zero
(see the beginning of Section 1.1 and Definition 1.8.6). For x € I', we set

I'(x)={y:yerT, x—yeI‘}:{y:y%x}, C(x) =T\ T(x). 4.3.1)

We begin with the following lemma (see (Yakymiv, 1997, Lemma 3)).
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LEMMA 4.3.1. Let v be a o-finite measure on I' (maybe unbounded in some neigh-
bourhood of zero) which obeys the relations

/ |x|v(dx) < oo, / v(dx) < oo.
[x|=1 |x|>1

Then there exists a random vector § € R”" taking values in T, and its Laplace transform is
of the form

Ee~0- — exp (— / (1 - e—(“)) v(dx)) . aer* 4.3.2)
T

A measure v is said to be the Lévy spectral measure of the distribution of the random
vector &. For x € G we set

J@)=PEeTW) g =vT). (4.3.3)
The following limit theorem is true.
THEOREM 4.3.1. Let a function g(x) be an admissible function of first type for the
cone T (g(x) € Di(I"), see Definition 1.8.5). Then
fx)=>04+0())gx), xeG, Ar(x)— oo, 4.3.4)

that is, for x € G = intT, as Ar(x) — oo,

Pig e T(x)} = (1 + o())v(T(x)),

where At (x) is the distance between the point x and the boundary of the cone T'.
This theorem is proved in (Yakymiv, 2003b).

REMARK 4.3.1. Theorem 4.3.1 generalises the corresponding assertions in (Omey,
1985a; Yakymiv, 1997), where Ar(x) was of order of magnitude |x| as |x| — oo, whereas
in our presentation Ar(x) tends to infinity as slow as we wish.

We prove Theorem 4.3.1 as a corollary to assertion 1 of Theorem 1.8.3. It would be
alluring to prove, with the use of assertion 2 (respectively 3) of that theorem, that (4.3.4)
holds if |x| — oo and Ar(x) > § > 0 (respectively, if |[x| — oo and x € G). But the
following elementary arguments show that (4.3.4), generally speaking, does not hold even
if x| = oo and Ar(x) > 6 > 0. Itis easily seen, indeed, that if

=Rl ={x=(x1,....%s), ; 20Vi =1,...,n}
and |x| — oo so that x; = § > 0, min(x», ..., x,) = oo, then
g(x) = v(4),
where

A={y:y =1, ....ym) €eRY, y1 > 6},
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and if v(A) > 1, then (4.3.4) is obviously broken because

f(x) =P{EeT(x)} < 1.

As appropriate examples for g(x), Examples 1.8.1-1.8.3 are good, provided that g(x)
is assumed to be non-increasing in I'.

As above, let f (») denote the Laplace transform of a function f on I':

70y = [0 pexran

provided that it exists for y € C = intT"*. We set

1, xeT,

Or(x) = {0 Y ET

Ke(h) = 0r(h) = / e *¥ax,  recC,
r

v(x) =v{y:y ; x}.

We prove Theorem 4.3.1 with the use of the following lemma.

LEMMA 4.3.2. Forany A € C, the relation

Kc(x)/r(l — ")y (dx) = /Fe_()"")g(x) dx < 0o

is true.

(4.3.5)

PROOF OF LEMMA 4.3.2. First we assume that v(T") < co. For A € C we see that

/e_(“‘)v(x) dx = / e~ &9 (v % 0r) (x) dx
T r
:/‘e_()"x)v(dx)Kc()x)-
r

But g(x) = v(I") — v(x), therefore

/ ey (x)dx = v(T)Ke () — 8(A).
r

Thus,

200 = v(D)Ke (k) - /F 49 y(dx)Ke ()

=/(1 — e V)@ Ke(),  VheC,
T

which yields (4.3.5) in the case where v(I") < oco.
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In the general case, let
Tp = {uu €T, Jul = 1/k}, wi(A) = v(ANT),  g(x) = ve(T(x))

forany A € A, x € I', k € N, where 2 stands for the set of all bounded Borel sets in R”.
Since the lemma has been proved for the measures vy, we see that for any A € C

80 = Ke) [ (1= i)
i
Therefore, forall A € C, as k — oo,
g\ = Kc(h) /F (1 — e~ )y (dx), (4.3.6)
because

/(1 — e~ ®Yy(dx) < 0o
T

for A € C. Since
e g (x) e Vg (x)

forany x € G, A € C, as k — 00, by virtue of B. Lévy’s theorem on monotone conver-
gence, we obtain as k — oo

gr(A) = f e *¥ g (x)dx — / e X g (x)dx < 00 4.3.7)
r r

for all A € C. Comparing (4.3.6) and (4.3.7), we arrive at (4.3.5). The lemma is thus
proved. O

PROOF OF THEOREM 4.3.1. From (4.3.2) and (4.3.5) it follows that
Ec™ ™8 = exp(—g(A)/Kc(A)), VA eC. (4.3.8)

Let P be the distribution of the random vector £. As in the course of proof of (4.3.5), we
find that

1-P(\) = /F(1 — e~ ®NPdx) = F(V)/Kc(h), VA e C. (4.3.9)

From (4.3.8) and (4.3.9) it follows that

f®) o (_ g )
Kc () Ke()”

Vi eC. (4.3.10)

For A € C we set {, = (A, £). We obtain
& >0, Vi eC,
650, A—0, reC.
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Since the function exp(—¢) for ¢ > 0 is continuous and bounded, we see that
Ee ®® =Ee™% -1, 1—0, reC. 4.3.11)
From (4.3.8) and (4.3.11) it follows that
g

=—InEe®H 50, 1>0 recC. 43.12
Kc(h) ( )
From (4.3.10) and (4.3.12) we arrive at
S g0
= (14 o(1 R 0, reC,
KeGy ~ W %6y

or, what is the same,

SR =0+o01)gRr), A—0, AreC.

We see that the hypotheses of assertion 1 of Theorem 1.8.3 are satisfied, which states that
relation (4.3.4) is true. The theorem is proved. |

To close the section, we prove Lemma 4.3.1.
PROOF OF LEMMA 4.3.1. We set
(L) = exp (—/F(l —e_()"x))v(dx)) , Arel™
It is clear that it is sufficient to assume that v(I" \ {0}) > 0. Then v(I',) > 0 for some
m € N, where
I'e ={x:xel,|x|>1/k}, k eN.
For k € N, k > m we set
v(ANTy)
v(Te)
It is clear that Hy is a probability distribution in R” concentrated in I'y. We set

O =1/v(T). keN, k=m.

Hy(4) = Ae

Let X;, X5, ... be independent random vectors in R” with distribution Hy, and let Y be an
independent of them Poisson random variable with parameter 6. Then

Y
Eexp | —[2. D> X | | = exp(=6k(1 — Ee=*-¥1))
Jj=0

= exp (— A (1 —e*“’“)v(dx)) = o (D)

is the Laplace transform of some infinitely divisible measure P on I" for A € I'*. Since
or (M) = ¢(X) as k — oo, we conclude that ¢ (1) is the Laplace transform of some infinitely
divisible measure P on I'. The lemma is thus proved. O



Limit theorems in the record model

5.1. Intervals between state change times in the record process

Let independent random variables &;,&2,&3,...,7m0,.7M1,72,... be given such that
P{¢, < x} = F(x),n € N,and P{n, < x} = G(x),n € Z, = N U {0}. We assume that
F(0) = 0 and G(x) is continuous. We set

n
K={nneN, n,>nmVm<n, meZyi}U{0} Sn:ZEk, neN, So=0,
k=1
N(t) =max{n:n € Z4, S, < t}, M(t) =max{n:n € K, n < N(t)},
t
TW)=1-F@), V@)= / Tw)du, t=0.

0
A stochastic record process is the process {nar), ¢ = 0}. The record times are the
random variables {v,, n € Z4}, which are the times of the nth jump in the stochastic
record process {Nar(), ¢t = 0}, where v = 0. In this section we study the asymptotic
properties of the tails of distributions of 7, = v, — v,—1, n € N. The following three limit

theorems are true. Recall that the definition of weak equivalence of functions is given in the
beginning of Section 1.6.

THEOREM 5.1.1. Forall ) € (0, 1), let
limsup V(At)/ V() < 1. (5.1.1)
—>00
Then for any fixed n € N, as t — oo,

P{z, >t} ~ T(1)L"(t)/n!, (5.1.2)

where L(t) is a non-decreasing slowly varying at infinity function equal to In(t/ V (¢)).

THEOREM 5.1.2. Let E§; < oo and T(t) = o((tInt)™') ast — oo. Then for any
fixedn € N, ast — oo,

P{t, >t} ~ ut™ 1 In" "1 (#)/(n — 1)!

197
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THEOREM 5.1.3. Forall . € (0,1) and some n € N, let

limsup Wy, (At)/ Wy(t) < 1,
—>00
where

Wo(r) = /0 ) du,  fult) = LYOT (@) +n VO /L),

Then, ast — oo,

P{zt, > 1} ~ f,(t)/n!

Theorem 5.1.1 covers the cases where EE; = oo and the function g(z) = P{¢ > t}
is not slowly varying. Theorem 5.1.2 is true for E£; < oo and g(¢) = o(1/Int), t — oo.
Theorem 5.1.3 is true in the ‘intermediate’ case where g(¢) is a slowly varying function.
The same assertions are true for the random variables {v,, n € N}; the proofs are also
similar.

COROLLARY 5.1.1. Let T(t) be regularly varying at infinity with index —a, where
o € (0,1). Then for any fixedn € N, as t — 00,

P{t, >t} ~a&"T()In"(¢)/n!

COROLLARY 5.1.2. Let T(t) be a slowly varying function. Then for any fixed n € N,
ast — oo,
P{t, >t} ~T()In"(1/T())/n!

It is easily seen, indeed, that if T'(¢) is regularly varying at infinity with index —«, where
a € (0, 1), then, as t — oo,

V) = /Ot T(u) du ~ %

which proves the corollaries.
Theorem 5.1.3 concerns also cases not covered by Theorems 5.1.1 and 5.1.2. If T'(z) ~
b/t ast — oo, then from Theorem 5.1.3 it follows that

P{t, >t} ~b(n+ )t~ In"(t)/n!
IfT() ~b/(tInt) ast — oo, then
P{t, >t} ~ bt ' In" () Inln¢/(n — 1)!

Theorems 5.1.1-5.1.3 are published in (Yakymiv, 1987a), which continued the stud-
ies (Gaver, 1976; Westcott, 1977; Westcott, 1979; Embrechts, Omey, 1983). Surveys of
the record model can be found in (Nevzorov, 1987; Nagaraja, 1988; Nevzorov, Balakrish-
nan, 1998). A wide spectrum of questions of the record theory is covered in (Nevzorov,
2000). In the next section we will speak about the so-called kth record times introduced in
(Dziubdziela, 1977; Dziubdziela, Kopocinski, 1976).
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Let us turn to proving Theorems 5.1.1-5.1.3. As before, let the Laplace and Laplace—
Stieltjes transforms of a function f* be denoted by

7oy = /0 Y [0 e df (1),

In order to prove Theorems 5.1.1-5.1.3, we need the following five lemmas.
LEMMA 5.1.1. As A | 0, T(A) < V(1/1).

LEMMA 5.1.2. The function L(t) = In(t/V(t)) is a non-decreasing slowly varying
one.

LEMMA 5.1.3. Let [(t) be an arbitrary non-decreasing slowly varying function, and
let (5.1.1) be true. Then, as A |, 0,

TIO) ~ TWI(1/A).

LEMMA 5.1.4. Letafunctionu(x) > 0do not increase, a function [(x) do not decrease
and be slowly varying at infinity. If

Jo v(x)dx o

o) d (5.1.3)
ast — oo, T/t — 0, where v(x) = xu(x), then
SOIL/A) ~vl(h), Ao (5.1.4)
LEMMA 5.1.5. As A | 0,
VA)/L/A) ~ V/L(). (5.1.5)

We first deduce Theorems 5.1.1-5.1.3 from Lemmas 5.1.1-5.1.5, and then prove the
lemmas.

PROOF OF THEOREM 5.1.1. We set Q1 ,, = 1/m,

m
rm=m""Y "0, 1. r>1 meN. (5.1.6)
j=1

Forr € N, s € (0, 1), we introduce the functions
o0
Gr(s) = Z Orms™. gr(s) = (1 = 95)Gr(s)/s.
m=1

Since 5
Eexp(—At,) = gn(F(R)), neN

(see (Embrechts, Omey, 1983, p. 340)), we arrive at
alh) = (1= gu(FO))/A = (1 = F(L)/AF(A)Ga(F (1))
= (T(W)/FM)Gn(1 = AT (1)), (5.1.7)
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where
a(t) = P{z, > t}.

From (5.1.6) it follows that

)
Gr(s) = fo a(d—u) du, s €(0,1), (5.1.8)

for any r > 1. From (5.1.8) and the equality G;(s) = —In(1 — s) it follows that, as s 1 1,
Gr(s)=0+o(1) "1/ —s))/r! (5.1.9)

for all r € N. From (5.1.7) and (5.1.9) we conclude that for any fixedn € N, as A | 0,

ao) ~ T In"(1/AT(V))/n;
hence, with the use of Lemma 5.1.1, we find that, as A | 0,

a) ~ T(AL"(1/1)/n!
Therefore, by virtue of Lemma 5.1.2 and Lemma 5.1.3,as A | 0,
a() ~ b,
where
b(@t)=T@)L"(t)/n!

We set ,

B(t) = / b(u) du, t>0.
From (5.1.1) and the relations 0

[y, T)L™(u) du

— B(\ =
L= BAnN/BE) Jo T(w)L™(u) du

> (L") /LM (0)(V(1) = V(A1) / V(1)

we arrive at (1.6.2) with A € (0, 1). Making use of Theorem 1.6.1, we find that
a(t) ~ b(r)
as t — oo. The theorem is proved. O
PROOF OF THEOREM 5.1.2. By differentiating (5.1.7) with respect to A we obtain

T = TO) g T0) =
an) = Fo Gn(F(L)) + % G, (F(L)F'(A) (F(k))an(F(x))F(x). (5.1.10)

Since u = E&; is finite, the last equality can be rewritten as follows:

@) = a1 T' W) Gu(F(V) — capt® G (F(V)) + a3 i> Gu(F (1)), (5.1.11)
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where j — lasA | 0, j = 1,2,3. From relations (5.1.8) and (5.1.9) it follows that for

any fixedn € N,ass 1 1,

Gu(s) ~ 7= s)nlf(nl(/s()l ot (5.1.12)
Since T'(t) = o((tInt)~!) as t — oo, we see that
T'(0) = o((An(1/1))™Y), Al 0. (5.1.13)
By (5.1.11), (5.1.12), and (5.1.13), as A |, 0 we obtain
@' (L) ~ —pPnGu(F(A) (e In(1/0) 7",
or, in view of relation (5.1.9),
a'(A) ~ =A™ (/A /(n = 1), A0,
which proves the theorem. O
PROOF OF THEOREM 5.1.3. In what follows, n; = n;(A), i = 1,2,...,7, will be

some functions of A such that n;(A) — 1 as A | 0. From formula (5.1.10) and the equality

F'(\) = —AT’(}) — T'(A) we obtain

a' ) = Gu(FO)YmT' M) + 2T WAT () + T (R)))

—mG(FONT MAT' (V) + T (X))

Since )JA"()») — 0as A | 0, we see that

@A) = Gu(FO))aT' W) + 02T (M) — n3GL(FONT Q) AT' (M) + T (1)).

Therefore, by formula (5.1.12)

a'(\) = Gu(F(L) (mf’@) + 02T — s

Aln(1/AT (L)
Hence T
70 = Ga(FO) (067700 + mT2G0) —ps— T8
a'(h) = Gu(F(L) (nsT( )+ naT7(3) T n(1/AT ()
we observe that 7%(1) = o(7'()/2) as A | 0. Therefore,
) ) N nT(h)
') = Gu(F()) (”6 () ”7Mn(1/AT(A)))
As A | 0, hence we obtain
~ ~ _ nV (L)
a() ~ Gu(F()) (’m) " m) ’

n(AT' (V) + T (L))
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or, in view of formula (5.1.9),as A | 0

() ~ 1n"(1 /A7 () (fm) T ) /nt

In(1/ATG))) "
Therefore, by virtue of Lemma 5.1.1, as A | 0
@) ~ L"(1/3) (T ) +nP 0)/L(/M)) /n!
By virtue of Lemma 5.1.5, hence we obtain, as A | 0,
fa(l) ~ L"(1/2) (zAT(A) + nV//\L(A)) /n!
Therefore, for u(t) = T'(t) + nV(t)/(tL(t))
fa(h) ~ L"(1/0)iu(.)/n!

By virtue of Lemma 5.1.2, the function u(¢) does not increase. Applying Lemma 5.1.4 to
the last relation, we see that, as A | 0,

fa(h) ~ Lrtu(h)/n!
By virtue of Theorem 1.6.1, hence it follows that, as t — oo,
ta(t) ~ tu()L"(t)/n!,
which implies that
Plz, > 1} ~ fu(t)/n!
as t — oo. The theorem is proved. O

PROOF OF LEMMA 5.1.1. For A > 0,

e V(A < Afoo e MVu)ydu <AV =TO0).
/A

From Lemma 1.6.1 it follows that the function V() = fot T (u) du is weakly oscillating at
infinity. Therefore, by virtue of Corollary 1.4.4, there exist positive constants ¢, b, 8 such
that for x > 1, ¢ > b the inequality

V(tx) < cV(t)xP

holds. Therefore, for A € (0,1/b)

(o) 1 e’}
TO) =AV) =[O e*V(x/A)dx < V(1/}) ([o e dx +c/1 e™*xP dx).

The lemma is proved. O
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PROOF OF LEMMA 5.1.2. From Lemma 1.6.1 it follows that V(¢) is weakly oscillating
at infinity, so In(z/ V(¢)) is a slowly varying function. The inequality

swom = (o= [ rwa) <o i>o

implies that L(¢) is monotone. The lemma is thus proved. O

PROOF OF LEMMA 5.1.3. Lemma 5.1.3 is true if and only if

Iy/M)
I(1/2)

I0) = /Ooo e_yT(y/A)( - 1) dy = o(R(})) (5.1.14)

as A | 0, where
o0
R(}) = / e YT (y/A)dy.
0

We fix § and M, 0 < § < 1 < M < oo, and represent the integral /() as the sum of the
integrals 71 (A), I2(A), I3(A) over the intervals [0, §), [8, M], (M, 00), respectively:

IA) = L) + L) + I3(L). (5.1.15)

By virtue of the uniform convergence theorem for slowly varying functions (Seneta, 1976,
Theorem 1.1),

IL(A) = o(R(})), Al 0. (5.1.16)
Further,
5 I(y/x
0= 100 = [ errosm (1 1) &
§ 8/A
= —/ e ?T(y/N)dy = —k/ e T (x)dx > —AV(§/M). (5.1.17)
0 0

From the integral representation theorem for slowly varying functions (Seneta, 1976, The-
orem 1.2) it follows that /(x)/I(y) < ¢(x/y)? for some &, b, ¢ > O and all x > y > b.
Therefore, for any A € (0, 1/b)

00 00 -1
o= B0 (" TOM (101 )y ([7 100,
0

“ RO Ju T(1/x) \i(/x) T(1/2)
Sar e yedy
< ciﬁo = (5.1.18)

From relations (5.1.15)—(5.1.18) and Lemma 5.1.1 it follows that for some constant ¢; > 0

I(}) % oy - V(/h)
m‘ <cq (/M e rytdy —{—hI;lf(}lp V(l/k))' (5.1.19)

0 < limsup
A0
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If M tends to infinity and § tends to zero in the right-hand side of (5.1.19), with the use of
relation (5.1.1) we obtain

A0
which implies (5.1.14). The lemma is proved. O

PROOF OF LEMMA 5.1.4. Relation (5.1.4) holds if and only if

10/0)
I(1/%)

I(}) =/0 ye’yu(y/k)( 1) dy = o(R(\)) (5.1.20)

as A | 0, where
o0
R() = /0 ye u(y/h) dy.

We represent the integral 7(A) as the sum I; + I, + I3 of the integrals over the intervals
[0,8), [, M], (M, 00). By virtue of Lemma 3.5.9, there exists § = §(A) — 0 and M =
M(A) — oo as A | 0 such that

M I(y/
I = /5 ye P u(y/) (l%xi - 1) dy = o(R())). (5.121)

Let us estimate the integral /;:

/b
I(1/%)

8/ 8/A
= —AZ/ xu(x)e ™ dx =< —Az/ xu(x)dx, (5.1.22)
0 0

] 8
0> 1, = /0 ye—Yu(ym( 1) dy > - /0 yeu(y/i) dy

as A | 0. We observe that

R(A) = /000 yeYu(y/r)dy = A /Oooxu(x)e_“ dx

1/A 1/
> AZ/ xu(x)e ™ dx > A2e! / xu(x) dx.
0 0

Therefore, in view of (5.1.22) and condition (5.1.3),as A | 0
Iy = o(R(A)). (5.1.23)
Further, for sufficiently small A
I o A (1(y/h % A !
o< 2 _ / ye_yu(y/ ) ( /™ 1) dy (/ ye_yu(y/ ) dy)
R})  Jm u(1/2) \1(1/2) 0 u(1/2)
- /‘AO; e—yyl+e dy
- floo ye~¥ dy
Relation (5.1.20) follows from (5.1.22)—(5.1.24). The lemma is proved. O

(5.1.24)
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PROOF OF LEMMA 5.1.5. Relation (5.1.5) holds if and only if

L(/A)
L(y/»)

10) = /Ooo eI V(y/N) ( 1) dy = o(R(L)). (5.1.25)

where
oo
R = / e ?V(y/\)dy.
0

As before, we represent the integral /(1) as the sum of the integrals I;(A), I2(A), I3(}X)
over the intervals [0, §), [6, M ], (M, co) respectively. By virtue of Lemma 3.5.9, there exist
§ =68(X)and M = M(A) such that,as A | 0,

I; = o(R(A)). (5.1.26)

Further,

8
0

L(y/b)
§ 8/
> —fo e YV(y/r)dy > —k[o V(x)dx.

In addition,

1

o) 1/A
R(A):/O e—yV(y/A)dyz/O e_yV(y/A)dyZe_lfO V(x)dx.

Ast — o0, T = o(t), we observe that

T t T t T .
/0 V(u)du//o V(u) du 5/0 V(u)du/ (;/0 V(u)du) = - 0.

Therefore,
I = o(R(A)), AlO. (5.1.27)

Since V(¢) is weakly oscillating, by virtue of Corollary 1.4.4 there exist constants ¢ and o
such that for sufficiently small A the inequalities

Lo (> _yV(y/x)(L(l/x)_) ( o V(N )—1
"=z /M" v \Zom ¥ /0 < Yam Y
el ey dy
a flooe_ydy

(5.1.28)

are true. Relation (5.1.25) follows from (5.1.26)—(5.1.28). The lemma is proved. O
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5.2. The asymptotic behaviour of the kth record times

In this section, in the context of a particular record model where &, = 1, n € N, we deal
with more general objects, the so-called kth record times. So, let us consider a sequence
N0, 1M1, N2, ... of independent random variables with one and the same continuous distribu-
tion function. For any n € Z_, by the random variables 1o, 11, . . ., §, We construct the set
of order statistics

Non =M =+ = Nnyn-

We define the kth record times, {v(k)(n), neZy}, k €N, as follows:
v(k)(O) =k—-1, v®m+1)=min{j > v(k)(n):r;j > Nj—k,j-1), NELy.

To get the ordinary record times {v(n), n € Z.}, it suffices to set k = 1. The kth re-
cord times are introduced in (Dziubdziela, 1977; Dziubdziela, Kopocinski, 1976). Their
generating functions are obtained in (Nevzorov, 1990).

In this section we study the asymptotic behaviour of the probability that v® (n) > t,
where k and n are fixed, 1 — oo.

THEOREM 5.2.1. Forallk,n € N, ast — 00
k"(k —1)!
(n—1)!

This theorem is proved in (Yakymiv, 1995).

PLO® () > 1} ~ ()" (5:2.)

PROOF. We introduce the random variables
PPy =v®m—1)+1, k,n € N.
In (Nevzorov, 1990), it is shown that for k,n € N, s € [0, 1)
Es*" ™ = (= In(1 — s)), (5.2.2)

where

n

Tra(t) = m

t
/x”_le_kx(l—e_(’_"))k_ldx, 1> 0. (5.2.3)
0

We set ¢, = k" /(n — 1)!, m = k — 1. Let us calculate rg,(¢). Since

m .
1 — o= =)k=1 _ 1) ! —i(t—x)
(1-e0) i§=0( ()¢

from (5.2.3) we obtain

t m .
nt) = e [ 1 (et
0 i=0 "

m . t
= cxn Yy (1) (};)e‘” [ xn e k=X gy (5.2.4)
i=0 0
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Let j =k —i, y = (k —i)x. We observe that

t tj
/ Xn—le—(k—i)x dx = j—n/ yn—le—y dy
0 0

= "= 1) (1 —J’Z Gy ) (5.2.5)

From (5.2.4) and (5.2.5) it follows that

“ e . el g
SN R (A ORI (W73 o1
/=

i=0

() EE ()5

i=0/=0

hence we obtain
n—1
Fen(t) = k™ (Z( 1)! ( ) it _"—e_k’Zaltl), (5.2.6)
i=0 =0

where

Z( 1)( ) )l ” 1=0,....n—1. (5.2.7)

Fors € [0, 1), let

hin(s) =Y P{p® () > i}s'. (5.2.8)

i=1
By (5.2.2), (5.2.8), for s € [0, 1) we see that

hn(s) = -k "( (1__11()1 =) (5.2.9)

From (5.2.6) and (5.2.9) we arrive at

m n—1
hicn(s) = K" (—Z(—l)( )(1 T k=) A =)"Y ar(— 1n(1—s))>
i=0

1=0

By differentiating the last relation m times with respect to s we obtain

n—1 m m—j .
" (s) = k ZZaz—(l— " (—1n(1—s))’(;1 ) (5.2.10)

[=0j=0
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We set mUl = m(@m —1)---(m — j + 1), ml% = 1, and obtain

d’ . . .
- — )" = mll(1 — )" (=1)7. (5.2.11)
For r € N we observe that
In(1 I—i
Zbﬂm%, (5.2.12)

where the generating function
,
gr(s) = Z biys'
i=1

is of the form
gr(s)=ss+1---(s+r—1). (5.2.13)
Forr = 1,(5.2.12), (5.2.13) hold indeed, because

(—In(1 —5))""!
(1—25) ’
If (5.2.12), (5.2.13) hold for some r € N, then

d
d_s(_ln(l —s))l =1 bii=1, gi(s)=s.

o ) L (] — onl—i—1
::;1( In(1 — s))! = Zb” (=In(1—s))"" +szrll+lw

T — o+t _ +1
Z S e 1=y
=3 + 2.

We observe that ¥, admits the representation

SR

S)rJrl
Therefore,
r+1 1—i
. . . i (=In(1 —s))
S+ 2= ) (rbiy +bic )" sy

i=1
where bg , = b1, = 0. Thus,

artt r+1 In(1 —s 1—i
W(—ln(l—s))l thr-ﬂl 7)3}1

where b; 41 = rbi, + bi—1,,,i =1,...,r + 1. From the last two relations it follows that

r+1 r+1

gr+1(s) Z(rbzr+bz 1r)S _er,rS —i—Zb Sj+l

=rgr(s) +sgr(s) = (r + S)gr ().
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Taking into account (5.2.13), we arrive at the equality
gr+1(8) =s(s+ 1D (s +7).
Thus, relations (5.2.12) and (5.2.13) are proved. From (5.2.10)-(5.2.12) it follows that

n—1 m .
B =k 3 S ) amt( )

1=0j=0

m—j
x (Z b IU(=In(1 =)'~ + (= In(1 - s))’xr) :

i=1

where
i _JL. r=0,
BN
Therefore,
n—1 m ) ] . m—j ) )
hD () = k"33 (1) ayml! (’2) (Z Bi 1"~ In(1 — s))l") :
1=0j=0 i=0

where B;, = b;, fori € Nand By, = x,. By differentiating the last equality with respect
to s we obtain

® S S (1) (S g, e 0 =)
hkn(s)zknzz(_l);almm(m) > i R )
1=0j=0 i=0

Here the greatest power n — 2 of logarithm occurs for/ = n —1,i = 0, j = m. Thus, for
n>1l,ass 11,

d* —In(1 — 5))"~2
T hn(s) ~ K" (= 1) m! (n 1)% (5.2.14)

(below we will show that a,—; # 0). Let us calculate a,,—;. By (5.2.7),

L & i -
o1 = Gy D () w0

Setting j = m — i in the last sum and recalling that (/) = (/). k = m + 1, we obtain
D)™ & 1AW -1 (=)™
= E -1)/ 1 = A, 5.2.15

where

m - k
_ il Y -1 _ it
A—j;)( l)j(m)(/ +D7 = ;:1( 1)’( N )t : (5.2.16)
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We introduce the generating function

k
Bis)=) s (l;l)f‘ (5.2.17)
=1

and observe that
k -1 m ) ]
B'(s) = Zs’*‘( ) = Zs’( ) =(1+9)".
r=1 m j=0 m
Therefore,

1+ u)k
k

T4k

- (5.2.18)

B(s) = /Os(l +u)" du =

0

By virtue of (5.2.16), (5.2.17), and (5.2.18), A = —B(—1) = 1/k. In view of (5.2.15),
hence it follows that

an—1 = (=D)"/((n — k).
Therefore, (5.2.14) can be rewritten as follows: as s 1 1,

d* k=1 (—=In(1 — 5))"2
thn(s) ~ s 2)!(1« - 1)!—(1 5

Now from (5.2.19) and Theorem 1.6.4 we arrive at

(5.2.19)

KNk —1)! ne2
Wr (Int)

fort — oo and fixed k,n € N, n > 1. The theorem is proved. O

P{p® ) > 1} ~
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A-permutation, 111 weakly equivalent, 51
number of cycles
of fixed length, 111 measure, 15
total, 111 a-admissible, 73
admissible, 71
cone, 1 completely admissible, 72
n-faced, 70 tempered, 70
acute, 1
dual, 16 process
future light, 74 Bellman—Harris, 93
homogeneous, 74 branching
order relation, 9 Markov, 89
regular, 74 record, 197
solid, 1
record time, 197
distribution kth, 206
exponential type, 169
infinitely divisible, 167 sequence

strongly uniformly distributed, 138

subexponential, 168
uniformly distributed, 137

function sequence of functions
w-varying, 38 asymptotically continuous, 27
r-slowly-varying, 37
admissible for cone, 78 transform
Laplace, 16

admissible of type m for cone, 78
asymptotically balanced, 38
characteristic, 75
completely admissible for family of op-
erators, 77
distribution, 75
dominatedly varying, 54
feebly oscillating, 30
homogeneous, 1
monotone, 9
regularly varying, 1
along family of operators, 77
RO-varying, 36
slowly oscillating, 37
slowly varying, 1
weakly oscillating, 33
functions

Laplace-Stieltjes, 16
Stieltjes, 62

weak convergence
of sequence of functions, 11
of sequence of measures, 15
weak pre-compactness
of a family of functions, 11
of family of measures, 15
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